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Abstract. For certain annuli in Cn, n ě 2, with non-smooth holes, we show that the
B-operator from L2 functions to L2

p0, 1q-forms has closed range. The holes admitted
include products of pseudoconvex domains and certain intersections of smoothly bounded
pseudoconvex domains. As a consequence, we obtain estimates in the Sobolev space W 1

for the B-equation on the non-smooth domains which are the holes of these annuli.

1. Introduction

1.1. Results. Let n ě 2, let rΩ be a bounded domain in Cn, and K Ă rΩ be a non-empty

compact subset such that Ω “ rΩzK is connected. We will refer to Ω as the annulus between

K and rΩ, and K as the hole of the annulus. Annuli such as Ω are of great importance in
complex analysis, for example as one of the simplest types of domains to exhibit Hartogs
phenomenon.

The goal of this paper is to study whether the B-operator from L2
0,0pΩq to L2

0,1pΩq has
closed range, and to characterize the range. As a consequence of such closed range results,
using a duality argument, we can prove estimates for the B-problem on the hole in degree
p0, n ´ 1q in the Sobolev space W 1. Since our holes can be non-smooth, this leads to
Sobolev estimates on certain classes of non-smooth domains, including intersections of
smoothly bounded convex domains. Previously such W 1-estimates have been known only
on domains of class C2, and have been unknown even for domains such as the bidisc or
the intersection of two balls in C2, on both of which we obtain here W 1 estimates for the
B-problem.

To state our results we introduce a few definitions. For an open subset U Ă Cn, we
define the L2-Dolbeault cohomology group

Hp,q
L2 pUq “

kerpB : L2
p,qpUq 99K L

2
p,q`1pUqq

imgpB : L2
p,q´1pUq 99K L

2
p,qpUqq

, (1.1)

where the dashed arrows are a reminder that the B operator is defined only on a dense
linear subspace of the space L2

p,qpUq. Then the quotient topology on Hp,q
L2 pUq is Hausdorff

if and only if B : L2
p,q´1pUq 99K L

2
p,qpUq has closed range. Similarly, we use the notation

Hp,q
W 1pUq when we substitute L2 spaces by W 1 spaces, where W 1pUq is the Sobolev space

of functions in L2pUq with all first partial derivatives in L2pUq. We first note the following
strengthening of [21, Proposition 4.7], which characterizes the annuli with Lipschitz holes
on which B has closed range (see also [27, Teorema 3]):
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Theorem 1. Let V Ť rΩ be bounded open subsets of Cn, n ě 2. Assume V has Lipschitz

boundary and Ω “ rΩzV is connected, then the following are equivalent:

(1) H0,1
L2 pΩq is Hausdorff.

(2) H0,n´1
W 1 pV q “ 0 and H0,1

L2 p
rΩq is Hausdorff.

Thanks to Theorem 1, the question of closed range in the L2-sense on annuli is reduced
to an estimate in the W 1 norm for the B-problem on the hole, and an L2-estimate for the

B-problem on the domain rΩ. From Kohn’s theory of the weighted B-Neumann problem
(see [17]), it follows that for a C8-smooth bounded pseudoconvex domain V in Cn, we
have Hp,q

W 1pV q “ 0, if q ě 0. This therefore gives examples of domains to which Theorem 1
applies. In this paper we give examples of more general non-smooth holes for which closed
range of B holds in the annulus. Our first result in this direction is the following:

Theorem 2. Let rΩ be a domain in Cn, n ě 2, and let K Ă rΩ be a compact set such that

Ω “ rΩzK is connected. Suppose that

(1) H0,1
L2 p

rΩq is Hausdorff.

(2) K “
ŞN
j“1Kj, where for 1 ď j ď N , Kj Ă rΩ is a compact set such that rΩzKj is

connected, and H0,1
L2 p

rΩzKjq is Hausdorff.

(3) for each pair of indices 1 ď i, j ď N , the set rΩzpKi YKjq is connected.

Then H0,1
L2 pΩq is Hausdorff.

By Theorem 1, if Kj is the closure of a Lipschitz domain Vj such that H0,n´1
W 1 pVjq “ 0,

then hypothesis (2) is satisfied (in particular, we can take Kj “ Vj , where Vj is a smoothly
bounded pseudoconvex domain). Further, if the sets Kj are taken to be closures of
smoothly bounded convex domains or closures of smoothly bounded pseudoconvex do-
mains which are star-shaped with respect to a common point, then the hypothesis (3) will
be automatically satisfied.

Our approach to Theorem 2 (as well as Theorem 3 below) is based on an analog of
the Leray theorem in the L2 setting which allows us to replace questions about the L2-
Dolbeault cohomology H0,1

L2 pΩq with questions about the Čech cohomology Ȟ1pU,OL2q

(with coefficients in the presheaf OL2 of L2 holomorphic functions), where U is a cover
of the domain Ω by sets on each of which there is an L2 estimate for the B-operator (see
Theorem 6 below).

Combined with Theorem 1, Theorem 2 gives the following estimate for the B-problem
on a class of non-smooth domains:

Corollary 1.1. Let V Ť Cn be a Lipschitz domain such that CnzV is connected. Suppose

that V “
ŞN
j“1 Vj, where for 1 ď j ď N , Vj Ť Cn is a Lipschitz domain such that

H0,n´1
W 1 pVjq “ 0. If CnzVj is connected for each j, and CnzpVi Y Vjq is connected for each

1 ď i, j ď N , then H0,n´1
W 1 pV q “ 0.

If we define the Sobolev spaces correctly (see Corollary 4.1 below), one can obtain
analogous results for much more general domains.

In the case of intersection of two smoothly bounded pseudoconvex domains in Cn, it is
known that the B-Neumann operator is compact in degree n ´ 1, provided it is compact
on each domain (cf. [2]). It would be interesting to know if this result is related to the
above result.
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Next, we consider the case when the hole is a product.

Theorem 3. Let N ě 2, and for j “ 1, . . . , N , let Vj be a bounded Lipschitz domain in
Cnj , nj ě 1, such that CnjzVj is connected. If the dimension nj ě 2, assume further that

H
0,nj´1

W 1 pVjq “ 0.

Set n “
řN
j“1 nj and let V “ V1 ˆ ¨ ¨ ¨ ˆ VN Ť Cn. Then H0,n´1

W 1 pV q “ 0.

When the factors are one-dimensional, a similar result holds with much less boundary
regularity requirement on the factors.

Before Theorem 3, it was known by a different method (cf. [5]) that given g PWN
0,n´1pV q

such that Bg “ 0, there is a u P W 1
0,n´2pV q such that Bu “ g. Theorem 3 improves this

result considerably.
Combining Theorems 3 and 1, we have the following:

Corollary 1.2. Let V Ť Cn be a domain which is a product as in Theorem 3. Let rΩ be

a domain such that H0,1
L2 p

rΩq is Hausdorff, and V Ť rΩ. If Ω “ rΩzV is connected, then

H0,1
L2 pΩq is Hausdorff.

Corollary 1.2 solves the so-called Chinese Coin Problem, which is to obtain L2-estimates

for the B operator in an annulus rΩzV in C2, where rΩ is a ball, and V Ť rΩ is a bidisc.
Alternatively, the existence of such estimates also follows from Theorem 2, since the bidisc
can be represented as the intersection of two smoothly bounded convex domains.

The question arises now of characterizing the cohomology group H0,1
L2 pΩq. When the di-

mension n “ 2, it is known (see Corollary 2.4 to Theorem 5 below) that the L2-cohomology
in degree p0, 1q of an annulus in C2 is infinite dimensional, provided that the hole is Lips-

chitz. Therefore, we need only to consider the case n ě 3. When rΩ is strongly pseudocon-

vex and K is also the closure of a strongly pseudoconvex domain, the annulus Ω “ rΩzK
satisfies the condition Zpqq for q “ n´ 1 (see [15, 10]). It follows that for n ě 3, we have

for such annuli H0,1
L2 pΩq “ 0. It was shown in [25] and [26, Theorem 2.2] that even in the

situation when rΩ is a smoothly bounded pseudoconvex domain and K is the closure of a
smoothly bounded pseudoconvex domain, then we have H0,1

L2 pΩq “ 0, when the dimension
n ě 3. We can generalize this to the situation of Theorem 2:

Corollary 1.3. Let Ω “ rΩzK be an annulus, which for some compact sets Kj, 1 ď j ď N
satisfies the hypotheses (1), (2) and (3) of Theorem 2. Suppose further that for each j,

we have H0,1
L2 p

rΩzKjq “ 0. Then H0,1
L2 pΩq “ 0.

For example, if rΩ is a bounded pseudoconvex domain in Cn, n ě 3 , and each Kj Ă rΩ is
the closure of a smoothly bounded convex domain, then the assumptions of Corollary 1.3
are satisfied. To state such a vanishing result for the product situation will require further
hypotheses. For simplicity, before stating the somewhat technical full result, we first state
a special case, when each factor of the product is one dimensional:

Corollary 1.4. Let K1, . . . ,Kn be compact sets in C and rΩ Ť Cn be a bounded domain

with H0,1
L2 p

rΩq “ 0. Set K “ K1 ˆ ¨ ¨ ¨ ˆKn and assume that K Ă rΩ and that Ω “ rΩzK is

not empty and connected. Then H0,1
L2 pΩq is Hausdorff, and vanishes if n ě 3.

The general result on the vanishing of H0,1
L2 pΩq for product holes is as follows:
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Theorem 4. Consider an annulus Ω “ rΩzK Ă Cn, where K “ K1ˆ¨ ¨ ¨ˆKN is a product
of compact sets in Cnj , nj ě 1. Assume the following:

(1) H0,1
L2 p

rΩq “ 0.

(2) there is a neighborhood U of K contained in rΩ of the form U “ U1 ˆ ¨ ¨ ¨ ˆ UN Ť
Cn, where for each j, the open set Uj is a neighborhood of Kj in Cnj , satisfying

H0,1
L2 pUjq “ 0.

(3) for each j, H0,1
L2 pUjzKjq is Hausdorff.

Then H0,1
L2 pΩq is Hausdorff, and if n ě 3, we have H0,1

L2 pΩq “ 0.

Note that hypotheses (2) and (3) are vacuous if each nj “ 1, so that Theorem 4 reduces
to Corollary 1.4 if each of the factors Kj of K is one-dimensional. Note also that hypoth-
esis (3) is implied (thanks to Theorem 1) by the following statement:

(3 1) if for some 1 ď j ď N we have nj ě 2, then Kj “ V j, where Vj Ă Cnj is a

Lipschitz domain which satisfies H
0,nj´1

W 1 pVjq “ 0.

1.2. Remarks. The analogs of Theorem 1 and Theorem 2 continue to hold for an annulus
in a Stein manifold rather than in Cn, and the proofs generalize easily. Theorem 3 and
its proof can also be readily generalized to products V1 ˆ ¨ ¨ ¨ ˆ VN Ă M where for each
j, there is a Stein manifold Mj of dimension nj such that the factor Vj is a relatively

compact Lipschitz domain in Mj , further satisfying H
0,nj´1

W 1 pVjq “ 0 if nj ě 2, and M
is the product M1 ˆ ¨ ¨ ¨ ˆMN . The other results can also be generalized to domains in
Stein manifolds. We prefer to state the results in the case of domains in Cn for clarity of
exposition.

One also notes here that the choice of the L2 topology for estimates on the B-problem
is a matter of convenience rather than necessity. The methods of this paper are based on
duality and gluing of local estimates, and can be generalized to estimates in any norm,
for example the Lp-norm. The required duality results in the Lp setting may be found in
[22].

On pseudoconvex domains, the closed range property is a consequence of a priori esti-
mates on the B-operator (for bounded domains see [15], and see [14] for some recent de-
velopments regarding unbounded domains). When Ω is the annulus between two smooth
strongly pseudoconvex domains in Cn, L2 theory for B is obtained in [15, 10] for all pp, qq-
forms since the boundary satisfies the Andreotti-Grauert condition Zpqq for all q ‰ n´ 1.
The closed range property for B when q “ n´ 1 also follows in this case (see Proposition
3.1.17 in [10]). When the domain Ω is the annulus between a bounded pseudoconvex do-
main and a C2-smooth pseudoconvex domain in Cn, L2 theory for B has been established
in the works [25, 16, 26]. Duality between the L2 theory on the annulus and the W 1

estimates for B in the hole has been obtained in [21].
The classical approach to regularity in the B-problem is through the B-Neumann prob-

lem. It is difficult to use this method to obtain Sobolev estimates even on simple Lipschitz
domains such as the bidisc or the intersection of two balls. The problem arises because a
p0, 1q-form on the bidisc D2 which is in the domain of B

˚
and is smooth up to the boundary

must vanish along the Šilov boundary bDˆ bD, since the complex normal components of
the form along two C-linearly independent directions must vanish. Consequently, a priori
estimates do not translate into actual estimates. In fact, one can show that on product
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domains, the B-Neumann operator does not preserve the space of p0, 1q-forms smooth up
to the boundary on the bidisc (see [8]). However, for domains represented as intersections
of strongly pseudoconvex domains, with boundaries meeting transversely, one may obtain
subelliptic estimates with 1

2 gain for the canonical solution operator (see [23, 13]).

1.3. Acknowledgements. We gratefully acknowledge the valuable comments and sug-
gestions of Y.-T. Siu on the topic of this paper.

2. General condition for closed range

2.1. Notation and preliminaries. We introduce some notations for the L2-version of
the B-complex.

For an open set U Ă Cn, denote

Ap,q
L2 pUq “ tf P L

2
p,qpUq|Bf P L

2
p,q`1pUqu, (2.1)

where B acts in the sense of distributions. Recall that this defines the (weak) maximal
realization of the B-operator as an unbounded densely defined closed operator on L2

p,qpUq.

Let Zp,q
L2 pUq “ tf P Ap,q

L2 pUq|Bf “ 0u and Bp,q
L2 pUq “ tBf |f P Ap,q´1

L2 pUqu denote the

subspaces of B-closed and B-exact forms in Ap,q
L2 pUq. Note that Bp,q

L2 pUq Ă Zp,q
L2 pUq since

B
2
“ 0. As noted in (1.1), we denote Hp,q

L2 pUq “ Zp,q
L2 pUq{B

p,q
L2 pUq.

Denote by Bc the (strong) minimal realization of the B-operator as a closed, densely
defined, unbounded linear operator from L2

p,qpUq to L2
p,q`1pUq. The operator Bc is the

closure (in graph norm) of the restriction of B to the space of smooth compactly supported
forms in L2

p,qpUq. The domain of the operator Bc is a dense subspace of L2
p,qpUq, denoted

by Ap,q
c,L2pUq. Then Ap,q

c,L2pUq is a proper subspace of Ap,q
L2 pUq for bounded domains U ,

and Bc is the restriction to Ap,q
c,L2pUq of the operator B : Ap,q

L2 pUq Ñ Bp,q`1
L2 pUq. We

denote by Zp,q
c,L2pUq “ tf P Ap,q

c,L2pUq|Bcf “ 0u the space of Bc-closed forms, and by

Bp,q
c,L2pUq “ tBcf |f P A

p,q
c,L2pUqu the space of Bc-exact forms. The quotient Hp,q

c,L2pUq “

Zp,q
c,L2pUq{B

p,q
c,L2pUq is the L2-Dolbeault cohomology with minimal realization, analogous

to cohomology with compact support. We will also use the following L2-analog of Serre
duality. Consider the pairing Hp,q

L2 pUq ˆH
n´p,n´q
c,L2 pUq Ñ C given by

pclasspfq, classpgqq ÞÑ

ż

U
f ^ g.

Then Hp,q
L2 pUq (resp. Hn´p,n´q

c,L2 pUq) is Hausdorff if and only if 0 is the only element of

Hp,q
L2 pUq (resp. Hn´p,n´q

c,L2 pUq) which is orthogonal to all of Hn´p,n´q
c,L2 pUq (resp. Hp,q

L2 pUq)

(cf. [4]).
We say that a nonempty compact subset K Ă Rn is regular if there is an open set V

with
K “ V and V “ interiorpKq. (2.2)

For regular compact subset K Ă Cn, we will use the notation

Hp,q
W 1pKq “ 0 (2.3)

to denote that the following is true: if f P W 1
p,qpCnq is a form with coefficients in the

Sobolev space W 1, and on the set K we have Bf “ 0, then there is a form u PW 1
p,q´1pCnq
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such that on the set K we have Bu “ f . Note that if K “ V where V is a Lipschitz
domain, then Hp,q

W 1pKq “ 0 if and only if Hp,q
W 1pV q “ 0. This is so since each function in

W 1pV q can be extended to a function in W 1pCnq.

2.2. Proof of Theorem 1. We prove below three propositions which together imply
Theorem 1:

Proposition 2.1. Let rΩ be a bounded open set in Cn, n ě 2, and let K be a regular

compact subset of rΩ. If Ω “ rΩzK is connected, and such that H0,1
L2 pΩq is Hausdorff. Then

H0,n´1
W 1 pKq “ 0.

Proof. Let f P W 1
0,n´1pCnq be a form with W 1 coefficients, and assume that Bf “ 0 on

K. We need to show that there is a u P W 1
0,n´2pCnq such that Bu “ f holds on K After

multiplying with an appropriate smooth compactly supported function, we may assume

that f has compact support in rΩ. Then the p0, nq-form Bf lies in A0,n
c,L2p

rΩq and vanishes

on K. We claim that for each holomorphic pn, 0q-form θ P Zn,0
L2 pΩq on Ω we have

ż

Ω
θ ^ Bf “ 0. (2.4)

Indeed, since Ω is connected, by the Hartogs extension phenomenon, the form θ extends

through the hole K to give a holomorphic form rθ P Zn,0
L2 p

rΩq and
ż

Ω
θ ^ Bf “

ż

rΩ

rθ ^ Bf “

ż

rΩ
Brθ ^ f “ 0.

Now by [4, Lemma 3], the hypothesis H0,1
L2 pΩq is Hausdorff is equivalent to the fact that

Hn,n
c,L2pΩq is Hausdorff, which in turn is equivalent to H0,n

c,L2pΩq being Hausdorff. Now (2.4)

shows that under the Serre pairing Hn,0
L2 pΩq ˆH

0,n
c,L2pΩq Ñ C, the cohomology class of Bf

is orthogonal to all of Hn,0
L2 pΩq, and therefore there is a g P A0,n´1

c,L2 pΩq such that Bf “ Bg.

Let rg be the extension of g by 0 to all of Cn. Then rg P A0,n´1
c,L2 pCnq and has compact

support. Therefore, the form f ´ g is a compactly supported B-closed form in Z0,n´1
c,L2 pCnq.

Thus there is a compactly supported p0, n´2q-form u on Cn such that Bu “ f ´rg, and by
interior regularity of the B-problem, we may assume that u has coefficients in W 1 when
restricted to a neighborhood of K. Noting that by construction rg vanishes on K, we see
that Bu “ f , so that H0,n´1

W 1 pKq “ 0. �

For a general regular compact set K, the condition H0,n´1
W 1 pKq “ 0 is only a statement

about existence of solutions of the B problem, and does not lead to any estimates for
these solutions. However, when H0,n´1

W 1 pKq “ 0 can be interpreted as the vanishing of

a cohomology defined by a densely-defined closed realization of the operator B acting
between Banach spaces, by the open mapping theorem, we do obtain estimates for the
B-problem. For example, when K “ V , where V is a Lipschitz domain, the condition
H0,n´1
W 1 pKq “ 0 implies that there is a constant C ą 0 such that for each f P W 1

0,n´1pV q

such that Bf “ 0 as distributions, there is a u PW 1
0,n´2pV q such that Bu “ f in the sense

of distributions, and }u}W 1 ď C }f}W 1 .
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Proposition 2.2. Let rΩ be a bounded open set in Cn, n ě 2, and let K be a compact

subset of rΩ. If Ω “ rΩzK is connected, and such that H0,1
L2 pΩq is Hausdorff. Then H0,1

L2 p
rΩq

is Hausdorff.

Proof. Assuming again that H0,1
L2 pΩq is Hausdorff, we now show that H0,1

L2 p
rΩq is Hausdorff.

By Serre duality, it suffices to show the following: if f P Z0,1
L2 p

rΩq is such that for each

φ P Zn,n´1
c,L2 prΩq, we have

ş

rΩ
f ^ φ “ 0, then f is B-exact.

Now if ψ P Zn,n´1
c,L2 pΩq, then we clearly have

ş

Ω f ^ ψ “ 0, so that the fact that H0,1
L2 pΩq

is Hausdorff implies that there is a g P A0,0
L2 pΩq satisfying Bg “ f . Let χ P C80 pCnq

be a cutoff which is identically equal to 1 on a neighborhood of K and is supported in a

compact subset of rΩ. We consider the p0, 1q-form θ on Cn defined by extending by zero the
compactly supported form f ´B pp1´ χqgq on Ω. Writing f ´B pp1´ χqgq “ χf `Bχ^ g,
we see that θ is a compactly supported form in L2

0,1pCnq. Therefore there is a compactly

supported L2 function u on Cn such that Bu “ θ. Then p1 ´ χqg ` u P A0,0
L2 p

rΩq, and

B pp1´ χqg ` uq “ f . �

Proposition 2.3. Let V Ť rΩ be bounded open subsets of Cn, n ě 2. Assume V has

Lipschitz boundary and Ω “ rΩzV is connected, H0,n´1
W 1 pV q “ 0 and H0,1

L2 p
rΩq is Hausdorff.

Then H0,1
L2 pΩq is Hausdorff.

Proof. First note that thanks to [4, Lemma 3], the hypothesis that H0,1
L2 p

rΩq is Hausdorff

is equivalent to the condition that H0,n
c,L2p

rΩq is Hausdorff, and the conclusion that H0,1
L2 pΩq

is Hausdorff is equivalent to H0,n
c,L2pΩq being Hausdorff. We therefore start with an f P

Z0,n
c,L2pΩq such that for each φ P Zn,0

L2 pΩq we have
ş

Ω f^φ “ 0, and want to show that there

is a u in A0,n´1
c,L2 pΩq such that Bu “ f .

By Hartogs phenomenon, each element of Zn,0
L2 pΩq extends to an element of Zn,0

L2 p
rΩq.

It follows that
ş

rΩ
rf ^ φ “ 0, where rf is the extension of f by 0 to all of rΩ. Since by

hypothesis, H0,n
c,L2p

rΩq is Hausdorff, there is a g P A0,n´1
c,L2 p

rΩq such that Bg “ rf , and using

interior regularity of B, we may assume that g has W 1 coefficients in a neighborhood of

V . Note that by the definition of rf , we have Bg “ 0 on V . Invoking the hypothesis
H0,n´1
W 1 pV q “ 0, we see that there is an h P W 1

0,n´2pV q such that Bh “ g on V . Since

V is Lipschitz, we may extend h as a form with W 1 coefficients on the whole of Cn.

Multiplying by a smooth cutoff, we may further assume that h has compact support in rΩ.

Then u “ pg ´ Bhq|Ω is a form on Ω whose extension by zero to rΩ belongs to the domain

of B on rΩ. Since V has Lipschitz boundary, it follows by [4, Proposition 2] that u belongs

to A0,n´1
c,L2 pΩq, and Bu “ Bg “ f on Ω. �

2.3. The two-dimensional case. For a domain D Ă Cn, denote by Z0,1pDq the space
C80,1pDq X ker B of B-closed forms which are C8-smooth up to the boundary on D, and

let rB0,1pDq denote the subspace of Z0,1pDq consisting of those forms g smooth up to the
boundary such that there is a distribution u P D1pDq such that Bu “ g on D. We consider
the quotient

rH0,1pDq “ Z0,1pDq{ rB0,1pDq. (2.5)
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The proof of the following result is known (see Fu [11]):

Theorem 5. Let D Ă C2 be a domain such that interiorpDq “ D. If the vector space
rH0,1pDq of (2.5) is finite dimensional, then D is pseudoconvex.

Proof. We repeat the proof of [11]. Assume D is not pseudoconvex, then there exists

a domain rD strictly containing D such that any holomorphic function on D extends

holomorphically to rD. Since interior(D)“ D, after a translation and a rotation we may

assume that 0 P rDzD and there exists a point z0 in the intersection of the plane tpz1, z2q P

C2 | z1 “ 0u with D, which belongs to the same connected component of that plane with
rD.

For an integer k ě 0, we consider the smooth p0, 1q-form Bk on C2zt0u derived from
the Bochner-Martinelli kernel and given by

Bkpz1, z2q “ pk ` 1q! ¨ zk2 ¨
z1 dz2 ´ z2 dz1

|z|2pk`2q
.

These forms are B-closed, and if we define

ukpz1, z2q “ k! ¨
z
pk`1q
2

|z|2pk`1q
,

we have on C2zt0u:

Bpukq “ ´z1Bk.

Note that the restriction of Bk to D belongs to Z0,1pDq. Let N be an integer such that

N ą dim rH0,1pDq. Then there exists a non trivial linear combination B “
řN
k“1 akBk,

(which belongs to Z0,1pDq), such that there exists a distribution v on D satisfying Bv “ B.
Set

F “ z1v `
N
ÿ

k“1

uk,

then F is a holomorphic function on D, so it should extend holomorphically to rD but we
have

F p0, z2q “

N
ÿ

k“1

ak
k!

zk`1
2

,

which is holomorphic and singular at z2 “ 0, which gives the contradiction since 0 P rDzD.
�

This allows us to prove the following analog for cohomologies with estimates of a result
of Laufer ([19]).

Corollary 2.4. Let D Ť C2 be a bounded domain such that interior(D)“ D. If either

H0,1
L2 pDq or H0,1

W 1pDq is finite dimensional, then D is pseudoconvex.

Proof. Suppose that H0,1
L2 pDq “ Z0,1

L2 pDq{B
0,1
L2 pDq is finite dimensional. Then a fortiori,

the subspace Z0,1pDq{B0,1
L2 pDq consisting of classes representable by forms smooth up to

the boundary is also finite dimensional. But

Z0,1pDq

B0,1
L2 pDq

–
Z0,1pDq

B0,1
L2 pDq X Z0,1pDq

Ą
Z0,1pDq

rB0,1pDq
“ rH0,1pDq,
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since B0,1
L2 pDqXZ

0,1pDq Ă rB0,1pDq. Therefore it follows that rH0,1pDq is finite dimensional,
and we can apply Theorem 5 to conclude that D is pseudoconvex. Exactly a similar proof
works in the case of the W 1-cohomology. �

We can now give a general characterization of domains in C2 on which the L2 B-operator
has closed range:

Corollary 2.5. Let V Ť rΩ be Lipschitz domains in C2, and suppose that C2zrΩ and

Ω “ rΩzV are connected. If H0,1
L2 pΩq is Hausdorff then both rΩ and V are pseudoconvex,

and the space H0,1
L2 pΩq is infinite dimensional.

Proof. By Theorem 1, the fact that H0,1
L2 pΩq is pseudoconvex is equivalent to H0,1

W 1pV q “ 0

and H0,1
L2 p

rΩq being Hausdorff. By Corollary 2.4 above, H0,1
W 1pV q “ 0 implies that V is

pseudoconvex. It was shown in [21, Theorem 3.4] that for a Lipschitz “hole-less” domain

such as rΩ, the space H0,1
L2 p

rΩq is Hausdorff if and only if rΩ is pseudoconvex.

The infinite-dimensionality of H0,1
L2 pΩq also follows from Corollary 2.4, since we have

interiorpΩq “ Ω, and if H0,1
L2 pΩq were finite dimensional, Ω “ rΩzV would be pseudoconvex.

�

3. L2-Dolbeault and L2-Čech cohomologies

For an open U Ă Cn, let Ap,q
L2 pUq, B

p,q
L2 pUq and Zp,q

L2 pUq be as in section 2.1 above. Then

Ap,q
L2 defines a presheaf of pre-Hilbert spaces on Ω, but which is not a sheaf. These are sub-

presheaves of Ap,q
L2 , and the space Zp,q

L2 is a presheaf of Hilbert spaces. Note that Z0,0
L2 pUq

is just the Bergman space on U , which will also be denoted by OL2pUq. Recall also that
the L2-Dolbeault cohomology of U is defined to be the quotient topological vector space
Hp,q
L2 pUq “ Zp,q

L2 pUq{B
p,q
L2 pUq. Given open sets V Ă U Ă Ω, and a class γ P Hp,q

L2 pUq, we

denote by γ|V the class in Hp,q
L2 pV q obtained by restricting γ to V . More precisely, if

g P Zp,q
L2 pUq is such that γ “ classpgq in Hp,q

L2 pUq, then γ|V “ classpg|V q in H0,1
L2 pV q.

Now suppose that we are given a finite collection U “ tΩju
N
j“1 of open sets covering

an open set Ω Ă Cn (i.e.,
ŤN
j“1 Ωj “ Ω). Given a presheaf B of normed linear spaces on

Ω (e.g. the presheaves Ap,q
L2 , Z

p,q
L2 and Bp,q

L2 of the previous paragraph), we can define for

each k, the space ČkpU,Bq of Čech k-cochains, and the corresponding coboundary map
δk : ČkpU,Bq Ñ Čk`1pU,Bq (cf. [12, p. 187]). As usual, we let ŽkpU,Bq and B̌kpU,Bq
denote the spaces of Čech cocycles and coboundaries respectively, and then the Čech
cohomology of B with respect to the cover U is given by ȞqpU,Bq “ ŽkpU,Bq{B̌kpU,Bq.
ČkpU,Bq is a topological vector space as the direct sum of the BpΩi0...ikq as 1 ď

i0, . . . , ik ď N , endowed with the direct sum topology, where Ωi0...ik “
Şk
`“0 Ωi` . The

topological vector space ČkpU,Bq is a normed linear space in a natural way: for k ě 0, a
norm on ČkpU,Bq is given by

}g}2ČkpU,Bq “
ÿ

1ďi0,...,ikďN

}gi0...ik}
2
BpΩi0...ik

q
.

Of course there are many other choices of equivalent norms, but the above choice is
appropriate when B is a sheaf of pre-Hilbert spaces, which is the only case we consider.
Then ČkpU,Bq is again a pre-Hilbert space, and a Hilbert space if B happens to be a sheaf
of Hilbert spaces. With this topology, the coboundary map δ is continuous, the cocycle
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space ŽkpU,Bq “ ker δk X ČkpU,Bq is a normed linear space, and the coboundary space
B̌kpU,Bq “ img δk´1 X ČkpU,Bq is a subspace of ŽkpU,Bq. Then the k-th cohomology
group of this complex ȞkpU,Bq is a topological vector space with the quotient topology,
and this topology is Hausdorff if and only if B̌kpU,Bq is a closed subspace of ŽkpU,Bq.

A relation between these two types of cohomology is given by the following result,
whose proof is inspired by that of a well-known classical result of Leray (cf. [12, page
189]). Related results were obtained for the Fréchet topology in [18].

Theorem 6. Let Ω be a bounded domain in Cn. Let U “ tΩ1, . . . ,ΩNu be a finite open

cover of Ω such that, for all j “ 1, . . . , N , the cohomology group H0,1
L2 pΩjq is Hausdorff.

Then,

(1) if the Čech group Ȟ1pU, Z0,0
L2 q is Hausdorff, then the L2-Dolbeault cohomology

H0,1
L2 pΩq is also Hausdorff.

(2) if Ȟ1pU, Z0,0
L2 q “ 0, the map H0,1

L2 pΩq Ñ
ÀN

k“1H
0,1
L2 pΩkq, induced by restriction

maps from Ω to Ωk, maps H0,1
L2 pΩq isomorphically onto a subspace of

!

pγkq
N
k“1 , γk P H

0,1
L2 pΩkq

ˇ

ˇ for i “ j, γi|Ωij “ γj |Ωij

)

. (3.1)

(3) If Ȟ1pU, Z0,0
L2 q “ 0 and for each j, H0,1

L2 pΩjq “ 0, then H0,1
L2 pΩq “ 0.

This result may be interpreted as saying that given an L2-estimate for the B-problem
in each open set of the cover U, the obstruction to obtaining a global L2-estimate on
Ω resides in the L2-Čech group Ȟ1pU, Z0,0

L2 q. When this Čech group is Hausdorff, then

the L2-Dolbeault group is Hausdorff. In particular, when the Čech group vanishes, the
cohomology classes in H0,1

L2 pΩq are obtained by “gluing together” the cohomologies in each
set in the cover as in (3.1).

We also remark that use of the L2-topology in Theorem 6 is not important, and similar
gluing techniques work for estimates in any norm, e.g., Lp estimates or Hölder estimates.

Proof of Theorem 6. For k, q ě 0, define an operator

B “ Bq : ČkpU, Ap,q
L2 q Ñ ČkpU, Ap,q`1

L2 q

sectionwise, i.e., for g P ČkpU, Ap,q
L2 q, set pBgqi0...ik “ Bpgi0...ikq, and note that for a given

k, ker Bq “ ČkpU, Zp,q
L2 q and img Bq “ ČkpU, Bp,q`1

L2 q. Then for each fixed k, p ě 0 we

have a complex
`

ČkpU, Ap,q
L2 q, Bq

˘

. In fact, we have, for each fixed p a double complex of

commuting differentials
`

ČkpU, Ap,q
L2 q, Bq, δk

˘

: i.e. we have Bδ “ δB. This follows since for

g P ČkpU, Ap,qq,

Bδg “ δBg “
k
ÿ

j“0

p´1qjBgi0...pij ...ik
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where the hat denotes omission. We represent the relevant part of the double complex for
p “ 0 in the following diagram:

0 - Z0,0
L2 pΩq

ε
- Č0pU, Z0,0

L2 q
δ
- Č1pU, Z0,0

L2 q
δ

- . . .

0 - A0,0
L2 pΩq

i

?
ε
- Č0pU, A0,0

L2 q

i

?
δ
- Č1pU, A0,0

L2 q

i

?
δ

- . . .

0 - A0,1
L2 pΩq

B

?
ε
- Č0pU, A0,1

L2 q

B

?
δ
- Č1pU, A0,1

L2 q

B

?
δ

- . . .

B ? B ? B ?

Here, for a presheaf B, the map ε : BpΩq Ñ Č0pU,Bq is given by pεfqi “ f |Ωi for each

Ωi P U. Note that then the sequence BpΩq ε
ÝÑ Č0pU,Bq δ

ÝÑ Č1pU,Bq is exact at Č0pU,Bq,
i.e., img ε “ ker δ. The map i is the inclusion map, so that we have that each vertical
column is exact along the second row, i.e., img i “ ker B. Our proof will be a “Topological
Diagram Chase” with this diagram, where we will need to keep track of the continuity of
the maps.

By hypothesis H0,1
L2 pΩjq is Hausdorff for each j, so there is a continuous solution operator

Kj : B0,1
L2 pΩjq Ñ A0,0

L2 pΩjq. For example, we can take Kj to be the canonical solution

operator B
˚
N0,1, where B

˚
is the adjoint of B, and N0,1 is the B-Neumann operator (see

[10]). We define a map K “ K : Č0pU, Z0,1
L2 q Ñ Č0pU, A0,0

L2 q, by setting pKgqj “ Kjpgjq.

Then K is continuous, and we have BKg “ g.
Consider the map ε : A0,1

L2 pΩq Ñ Č0pU, A0,1
L2 q. Since by hypothesis, B0,1

L2 pΩjq is a closed

subspace of A0,1
L2 pΩjq for each j, it follows that ε´1

´

Č0pU, B0,1
L2 q

¯

is a closed subspace of

A0,1
L2 pΩq. Define a continuous linear map

` : ε´1
´

Č0pU, B0,1
L2 q

¯

Ñ Ž1pU, Z0,0
L2 q

by setting
` “ δKε. (3.2)

From the definitions of ε,K and δ, this is a continuous linear map from ε´1
´

Č0pU, B0,1
L2 q

¯

to Č1pU, A0,0
L2 q. But for g P ε´1

´

Č0pU, B0,1
L2 q

¯

, we have

B`g “ BδKεg “ δBKεg “ δεg “ 0,

which shows that `pgq P Č1pU, Z0,0
L2 q. However, since δδ “ 0, it follows that `pgq P

Ž1pU, Z0,0
L2 q.

The basic property of ` that makes it useful is that

`´1
´

B̌1
´

U, Z0,0
L2

¯¯

“ B0,1
L2 pΩq. (3.3)
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To see (3.3), first, let g P B0,1pΩq. Then there is a u P A0,0
L2 pΩq such that Bu “ g.

Consider

h “ Kεg ´ εu.

By construction, h P Č0pU, A0,0
L2 q. Note that

Bh “ BKεg ´ Bεu “ εg ´ Bεu “ 0,

since Bu “ g. Therefore, in fact, h P Č0pU, Z0,0
L2 q. On the other hand,

δh “ δKεg ´ δεu “ `pgq ´ 0 “ `pgq,

which shows that `pgq “ δphq P B̌1
´

U, Z0,0
L2

¯

. It follows that

B0,1pΩq Ă `´1
´

B̌1
´

U, Z0,0
L2

¯¯

.

For the opposite inclusion, let g P `´1
´

B̌1
´

U, Z0,0
L2

¯¯

, so that `pgq P B̌1
´

U, Z0,0
L2

¯

. Then

there exists h P Č0pU, Z0,0
L2 q such that `pgq “ δh. We define u0 P Č

0pU, A0,0
L2 q by

u0 “ Kεg ´ h.

In fact, Bu0 “ BKεg ´ Bh “ εg. Also,

δu0 “ δKεg ´ δh “ `pgq ´ δh “ 0.

It follows that there is a u P A0,0pΩq such that u0 “ εu. Since Bu0 “ εpgq, it follows that
g “ Bu, so that g P B0,1pΩq. Equation (3.3) is thus established. It follows from (3.3) that
there is a continuous linear injective map

` :
ε´1

´

Č0pU, B0,1
L2 q

¯

B0,1
L2 pΩq

Ñ Ȟ1pU, Z0,0
L2 q, (3.4)

induced by the map (3.2).

To prove part (1) of the proposition, suppose that Ȟ1pU, Z0,0
L2 q is Hausdorff, i.e., the

subspace B̌1
´

U, Z0,0
L2

¯

is closed in Ž1
´

U, Z0,0
L2

¯

. Then by (3.3), since ` is continuous,

B0,1pΩq is a closed subspace of Z0,1pΩq, which means that H0,1
L2 pΩq is Hausdorff. This

completes the proof of part (1).

To prove part (2), from the hypothesis that Ȟ1pU, Z0,0
L2 q “ 0 and the injectivity of the

map (3.4), we see that

B0,1
L2 pΩq “ ε´1

´

Č0pU, B0,1
L2 q

¯

. (3.5)

Consider now the sequence of Hilbert spaces and continuous linear maps:

Z0,1
L2 pΩq

ε
ÝÑ Č0pU, Z0,1

L2 q
δ
ÝÑ Č1pU, Z0,1

L2 q, (3.6)

which is clearly exact. Therefore, going modulo B0,1
L2 pΩq, and using (3.5), we obtain an

injective continuous map

ε : H0,1
L2 pΩq Ñ

Č0pU, Z0,1
L2 q

Č0pU, B0,1
L2 q

–

N
à

j“1

H0,1
L2 pΩjq,
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whose image (by the exactness of (3.6)) is the subspace of Č0pU, Z0,1
L2 q{Č

0pU, B0,1
L2 q given

by

img ε “
ker

´

δ : Č0pU, Z0,1
L2 q Ñ Č1pU, Z0,1

L2 q

¯

Č0pU, B0,1
L2 q

“

#

pgkq
N
k“1 P

N
à

k“1

Z0,1
L2 pΩkq

ˇ

ˇfor i “ j, gj |Ωij “ gi|Ωij

+

N

˜

N
à

k“1

B0,1
L2 pΩkq

¸

Ă

!

pγkq
N
k“1 , γk P H

0,1
L2 pΩkq

ˇ

ˇ for i “ j, γi|Ωij “ γj |Ωij

)

,

which completes the proof of part (2) of the proposition.

For part (3), note that under the hypothesis H0,1
L2 pΩjq “ 0 for each j, the space

ÀN
k“1H

0,1
L2 pΩkq vanishes. But by part (2), there is an injective mapping of H0,1

L2 pΩq into
this space, so the conclusion follows. �

4. Case of a hole which is an intersection

For an open set D in Cn, we from now on for convenience of notation denote the space
Z0,0
L2 pDq by OL2pDq. Then OL2pDq “ OpDqXL2pDq is the Bergman space of D, the space

of all holomorphic functions on D which are square integrable with respect to Lebesgue
measure.

4.1. Proof of Theorem 2. Set Ωj “ rΩzKj . Then U “ tΩj , 1 ď j ď Nu is an open cover

of Ω, and each Ωj is connected, and H0,1
L2 pΩjq is Hausdorff for each j by hypothesis.

We claim that Ȟ1pU,OL2q “ 0. Let f P Ž1pU,OL2q, so that f “ pfijq, where fij P

OL2pΩijq, 1 ď i, j ď N . By hypothesis (3), the open set Ωij “ rΩzpKi YKjq is connected.

By Hartogs phenomenon, each fij extends to a rfij P OL2prΩq. Now since δf “ 0, we have
for 1 ď i, j, k ď N the following equation on Ωijk:

fij ´ fjk ` fki “ 0.

By analytic continuation we have on the whole of rΩ:

rfij ´ rfjk ` rfki “ 0. (4.1)

Define a u P Č0pU,OL2q by setting u1 “ 0 on Ω1, and for j ě 2, uj “ rf1j |Ωj . Then on Ωij

we have
pδuqij “ uj ´ ui “ rf1j ´ rf1i “ rfij |Ωij “ fij .

Therefore δu “ f , i.e., Ȟ1pU,OL2q “ 0. It now follows from Theorem 6 that H0,1
L2 pΩq is

Hausdorff. This completes the proof of Theorem 2.

4.2. Proof of Corollary 1.1. We note that the following stronger form of Corollary 1.1
holds, where the Lipschitz domain V can be replaced by a compact set with minimal
boundary regularity hypothesis:

Corollary 4.1. Let K Ť Cn be a regular compact set such that CnzK is connected.

Suppose that K “
ŞN
j“1 Vj, where for 1 ď j ď N , Vj Ť Cn is a Lipschitz domain such

that H0,n´1
W 1 pVjq “ 0. If CnzVj is connected for each j, and CnzpVi Y Vjq is connected for

each 1 ď i, j ď N , then H0,n´1
W 1 pKq “ 0.
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Proof. Recall that here regularity of the compactK is in the sense of (2.2), andH0,n´1
W 1 pKq “

0 is in the sense explained after (2.3) above. Apply Theorem 2, taking rΩ to be a ball of
sufficiently large radius to contain the closure of all the Vj ’s. If we set Kj “ V j , it is easy

to verify that all the hypotheses of Theorem 2 hold, so that H0,1
L2 pΩq is Hausdorff. The

conclusion now follows from Proposition 2.1. �

4.3. Proof of Corollary 1.3. For each Ωj P U, by hypothesis we have H0,1
L2 pΩjq “ 0, and

as we saw in the proof of Theorem 2 above, Ȟ1pU,OL2q “ 0. Consequently, by part (3) of

Theorem 6 we have H0,1
L2 pΩq “ 0.

5. L2-Čech cohomology of an annulus between product domains

Let N ě 2, and for each j P t1, . . . , Nu let Uj Ă Cnj be a bounded domain, and Kj

a compact set in Cnj such that Kj Ă Uj , and such that the annulus Rj “ UjzKj is
connected. Let U “ U1 ˆ ¨ ¨ ¨ ˆ UN and K “ K1 ˆ ¨ ¨ ¨ ˆKN . In this section we consider
the domain

W “ UzK,

which is an annulus between a product domain and a product hole. We let

Ωj “ U1 ˆ ¨ ¨ ¨ ˆRj ˆ ¨ ¨ ¨ ˆ UN , (5.1)

where the j-th factor is Rj and for k “ j, the k-th factor is Uk. We call the domains Rj
(j “ 1, . . . , N) the factor annuli of W. We denote the collection tΩj , 1 ď j ď Nu by U,

and note that
ŤN
j“1 Ωj “W, i.e., U is a cover of W by open sets. In this section, we prove

the following:

Proposition 5.1. With U as above, Ȟ1pU,OL2q is Hausdorff, and vanishes if n ě 3.

Note that pseudoconvexity does not play any direct role in the statement of this result.
The proof will be based on a closed range property of the restriction map on Bergman
spaces (see Lemma 5.2). Also, it is true that for n “ 2, the group Ȟ1pU,OL2q is infinite
dimensional, though we neither prove nor use this fact. A technique similar to that used
in the proof of Proposition 5.1 was used to compute the usual Dolbeault cohomology of
some non-pseudoconvex domains in [3].

5.1. Closed range for restriction maps on Bergman spaces. For open subsets
U,R Ă Cn, where R Ă U , we denote by OL2pUq|R the subspace of OL2pRq consisting
of restrictions of functions in OL2pUq.

Lemma 5.2. Let U be a bounded domain in Cn, and let K Ă U be a compact subset.
Set R “ UzK and when n ě 2, assume that R is connected. Then OL2pUq|R is a closed
subspace of the Hilbert space OL2pRq.

Proof. If n ě 2, then by the Hartogs extension theorem, OL2pUq|R “ OL2pRq, so the
assertion is correct. For n “ 1, by a classical argument (cf. [1, p. 143 ] or [7, p.
195, Proposition 1.1]) there is a neighborhood W of K such that W is contained in U ,
the boundary bW is a union of finitely many closed polygons, and for any holomorphic
function in U , we have a Cauchy representation

fpzq “
1

2πi

ż

bW

fpζq

ζ ´ z
dζ
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valid for each z P K.
Let fν P OL2pUq, and suppose that fν |R Ñ g in OL2pRq as ν Ñ 8. By Bergman’s

inequality (cf. [24, p. 155]), tfνu converges uniformly to g when restricted to the compact
subset bW of R. Representing the holomorphic function fν on K as the Cauchy integral
over bW as in the above formula, we see that tfνu converges uniformly on K to a function
given by the Cauchy integral of g. It follows that g extends to a function in OL2pUq, which
proves the lemma. �

Let QpbR denote the Hilbert tensor product of Hilbert spaces Q and R. In our ap-
plication, we only consider Hilbert tensor products where for some domain D Ă Cm, the
space Q is a closed subspace of OL2pDq , and for some domain V Ă Cn, the space R is a
closed subspace of OL2pV q. Then QpbR is the closure in OL2pDˆV q of the linear span of
functions of the form pf b gqpz, wq “ fpzqgpwq, where f P Q and g P R. See [5] for more
details on Hilbert tensor products.

5.2. Proof of Proposition 5.1. We first consider the case when the number of factors
N “ 2. To conclude that Ȟ1pU,OL2q is Hausdorff, we need to show that the coboundary
map

δ : Č0pU,OL2q Ñ Č1pU,OL2q

has closed range. As a topological vector space, Č1pU,OL2q is simply OL2pΩ12q, since
there is only one double intersection. Therefore, the closed range of δ will follow, if we
show that the map

OL2pΩ1q ‘OL2pΩ2q Ñ OL2pΩ12q,

given by

δph1, h2q “ h2|Ω12 ´ h1|Ω12

has closed range. Recall that Ω1 “ R1 ˆ U1, Ω2 “ U1 ˆR2 and Ω12 “ R1 ˆR2.
Since for j “ 1, 2, by Lemma 5.2 OL2pUjq|Rj is closed in OL2pRjq we obtain a direct

sum decomposition:

OL2pRjq “ OL2pUjq|Rj ‘
`

OL2pUjq|Rj

˘K
,

and it follows by the distributivity of the Hilbert tensor product over direct sums that

OL2pΩ12q “ OL2pR1 ˆR2q

“ OL2pR1qpbOL2pR2q

“

4
à

j“1

Ej ,

where

E1 “ OL2pU1q|R1
pbOL2pU2q|R2 ,

E2 “ pOL2pU1q|R1q
K
pbOL2pU2q|R2 ,

E3 “ OL2pU1q|R1
pbpOL2pU2q|R2q

K , and

E4 “ pOL2pU1q|R1q
K
pbpOL2pU2q|R2q

K ,
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and for j “ 1, 2,
`

OL2pUjq|Rj

˘K
denotes the orthogonal complement of the closed subspace

OL2pUjq|Rj in OL2pRjq. Note that

E1 ‘ E3 “ OL2pU1q|R1
pbOL2pR2q “ OL2pU1 ˆR2q|R1ˆR2 Ă img δ

and

E1 ‘ E2 “ OL2pR1qpbOL2pU2q|R2 “ OL2pR1 ˆ U2q|R1ˆR2 Ă img δ,

and by definition of δ,

img δ “ OL2pU1 ˆR2q|R1ˆR2 `OL2pR1 ˆ U2q|R1ˆR2

“ pE1 ‘ E3q ` pE1 ‘ E2q

“ E1 ‘ E2 ‘ E3

“ pE4q
K

“

´

pOL2pU1q|R1q
K
pbpOL2pU2q|R2q

K
¯K

,

Where the outer K in the last line, and the K in the previous to last line denote or-
thogonal complementation in OL2pΩ12q. It follows that img δ is closed, and we obtain an
isomorphism of Hilbert spaces

Ȟ1pU,OL2q – E4 “ pOL2pU1q|R1q
K
pbpOL2pU2q|R2q

K ,

valid when the number of factors N “ 2 and the dimension n ě 2.
Now assume n ě 3. Since n “ n1`n2, there is a j P t1, 2u such that nj ě 2. By Hartogs

phenomenon, OL2pUjq|Rj “ OL2pRjq so we have pOL2pUjq|Rj q
K “ t0u, and consequently,

Ȟ1pU,OL2q “ 0.
Now we will show that for N ě 3 (which forces n ě 3), we again have Ȟ1pU,OL2q “ 0.

A similar result (with one dimensional factors) was proved by Frenkel [9, Proposition 31.1]
for the structure sheaf O.

Let N ě 3, and suppose that f “ pfijqiăj P Ž
1pU,OL2q. We will show that there is a

u P Č0pU,OL2q such that f “ δu.
Denote by E the subspace of Ž1pU,OL2q consisting of f such that each fij P OL2pΩijq

extends holomorphically to a function in OL2pUq, so that on Ωij :

fij P OL2pUiq|Ri
pbOL2pUjq|Rj

pbOL2pU 1ijq (5.2)

where the tensor product has been reordered (and we will do this in the sequel without
further comment) and U 1ij is the product of all the Uk’s except Ui and Uj . Define u P

Č0pU,OL2q by setting u1 “ 0 on Ω1, and for j ě 2, uj “ f1j |Ωj , where we continue to
denote the extension of fij to U by the same symbol. Then on the set Ωij we have

uj ´ ui “ f1j ´ f1i “ fij ,

since δf “ 0. We have therefore δu “ f .
Hence we may assume without loss of generality that f P Ž1pU,OL2q actually be-

longs to the orthogonal complement EK of E in ŽpU,OL2q “
À

iăj OL2pΩijq. Noting

that OL2pΩijq “ OL2pRiqpbOL2pRjqpbOL2pU 1ijq, and that for each k we have OL2pRkq “

OL2pUkq|Rk
‘OL2pUkq|

K
Rk

by Lemma 5.2, we have from (5.2) for each i ă j,

fij P S1

à

S2

à

S3 Ă OL2pΩijq, (5.3)
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where

S1 “ OL2pUiq|
K
Ri
pbOL2pUjq|Rj

pbOL2pU 1ijq,

S2 “ OL2pUiq|Ri
pbOL2pUjq|

K
Rj

pbOL2pU 1ijq,

S3 “ OL2pUiq|
K
Ri
pbOL2pUjq|

K
Rj

pbOL2pU 1ijq.

We claim that the component of fij along S3 vanishes i.e., we have

fij P S1

à

S2. (5.4)

To prove the claim, since N ě 3, there is a k P t1, 2, . . . , Nu such that k is distinct
from both i and j. Let U 1ijk be the product of all the U`’s except Ui, Uj and Uk. Consider

the restriction map ρ from OL2pΩijq to OL2pΩijkq. Since Ωij “ Ri ˆ Rj ˆ Uk ˆ U 1ijk and

Ωijk “ Ri ˆRj ˆRk ˆR
1
ijk, the restriction map is a tensor product:

ρ “ idOL2 pRiq
pbidOL2 pRjq

pbρk pbidOL2 pU 1
ijkq

,

where ρk is the restriction map from OL2pUkq to OL2pRkq. Consequently, we have a tensor
product representation

S3|Ωijk
“ OL2pUiq|

K
Ri
pbOL2pUjq|

K
Rj

pbOL2pUkq|Rk
pbOL2pU 1ijkq.

Denote by p3 the orthogonal projection from OL2pΩijq to S3, and by P3 the orthogonal
projection from OL2pΩijkq onto S3|Ωijk

. Then we have the diagram

OL2pΩijq
p3

ÝÝÝÝÑ S3
§

§

đ

ρ

§

§

đ

ρ

OL2pΩijkq
P3

ÝÝÝÝÑ S3|Ωijk

(5.5)

which commutes, since both ρ ˝ p3 and P3 ˝ ρ are equal to πipbπj pbρk pbidOL2 pU 1
ijkq

, where

πi : OL2pUiq Ñ OL2pUiq|
K
Ri

and πj : OL2pUjq Ñ OL2pUjq|
K
Rj

are the orthogonal projections.

We show that P3pfij |Ωijk
q “ 0. From δf “ 0, we conclude that

fij |Ωijk
“ fik|Ωijk

´ fjk|Ωijk
. (5.6)

Now,

fik|Ωijk
P OL2pUiq|

K
Ri
pbOL2pUjq|Rj

pbOL2pUkq|
K
Rk

pbOL2pU 1ijkq,

and

fjk|Ωijk
P OL2pUiq|Ri

pbOL2pUjq|
K
Rj

pbOL2pUkq|
K
Rk

pbOL2pU 1ijkq,

so that both fik|Ωijk
and fjk|Ωijk

lie in subspaces of OL2pΩijkq which are orthogonal to
S3|Ωijk

. Therefore P3pfik|Ωijk
q “ P3pfjk|Ωijk

q “ 0. Therefore, by (5.6), we see that
P3pfij |Ωijk

q “ 0.
Now, by the commutativity of the diagram (5.5), we have that

ρpp3pfijqq “ P3pρpfijqq “ P3pfij |Ωijk
q “ 0,

and since by analytic continuation ρ is injective, we have p3pfijq “ 0. Therefore, the claim
(5.4) follows.
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Denote now by P1 and P2 the projections from OL2pΩijkq onto S1|Ωijk
and S2|Ωijk

respectively. Note that

S1|Ωijk
“ OL2pUiq|

K
Ri
pbOL2pUjq|Rj

pbOL2pUkq|Rk
pbOL2pU 1ijq,

S2|Ωijk
“ OL2pUiq|Ri

pbOL2pUjq|
K
Rj

pbOL2pUkq|Rk
pbOL2pU 1ijq,

(5.7)

By the representation in (5.7) above, we see that P1pfijq extends holomorphically to an

element p´uiji q of OL2pΩiq, and P2pfijq extends holomorphically to an element uijj of

OL2pΩjq. Therefore we have

fij “ uijj |Ωij ´ u
ij
i |Ωij . (5.8)

We note two features of this decomposition. First, it is independent of the choice of the
auxiliary index k, since the decomposition (5.3) in no way depends on k. Second, by

construction, uiji |Ωijk
and uijj |Ωijk

belong to the orthogonal subspaces S1|Ωijk
and S2|Ωijk

of OL2pΩijkq. (The orthogonality is immediate from (5.7) above).

We claim that if k is an index distinct from i and j, we have uiji “ uiki . To see this, we
substitute expressions like (5.8) into (5.6), and obtain, that when restricted to Ωijk, we
have

pujkk ´ u
jk
j q ´ pu

ik
k ´ u

ik
i q ` pu

ij
j ´ u

ij
i q “ 0,

which gives rise to the condition that

pujkk |Ωijk
´ uikk |Ωijk

q ` puijj |Ωijk
´ ujkj |Ωijk

q ` puiki |Ωijk
´ uiji |Ωijk

q “ 0.

The three terms of the above sum belong to three orthogonal subspaces of OL2pΩijkq.

The first term is in OL2pUiq|Ri
pbOL2pUjq|Rj

pbOL2pUkq|
K
Rk

pbOL2pU 1ijq, the second term is in

S2|Ωijk
and the third term is in S1|Ωijk

, where the notation is as in (5.7). Therefore, all
three terms vanish. By analytic continuation, it follows that there is for each i P t1, . . . , Nu
an ui P OL2pΩiq such that if u “ puiq

N
i“1 P Č

0pU,OL2q, then δu “ f . It follows now that

Ȟ1pU,OL2q “ 0 if N ě 3.

6. Proof of Theorem 3

6.1. The L2-Dolbeault cohomology of an annulus between product domains. Let
W “ UzK Ă Cn be as in Section 5, an annulus between the products U “ U1ˆ¨ ¨ ¨ˆUN and
K “ K1ˆ ¨ ¨ ¨ ˆKN , and let Rj “ UjzKj Ă Cnj denote the factor annuli for j “ 1, . . . , N .
In this section, we compute the L2-Dolbeault cohomology of W:

Proposition 6.1. Suppose that for each j, H0,1
L2 pRjq is Hausdorff. Then H0,1

L2 pWq is

Hausdorff. Further, if H0,1
L2 pUjq “ 0 for each j, then H0,1

L2 pWq vanishes if n ě 3.

Proof. By Proposition 5.1, the Čech group Ȟ1pU, Z0,0
L2 q is Hausdorff. Now in the cover U,

we can write Ωj “ U1 ˆ ¨ ¨ ¨ ˆ Rj ˆ . . . UN . If nj “ 1, then H0,1
L2 pUjq “ 0 (and therefore

Hausdorff), and if nj ě 2, then by Proposition 2.2, since each H0,1
L2 pRjq is Hausdorff, and

Rj “ UjzKj is an annulus, it follows that each H0,1
L2 pUjq is also Hausdorff. It follows from

the results of [5, 6] regarding the L2-cohomology of product domains, that since Ωj is
a product of domains whose L2-Dolbeault cohomology is Hausdorff in degrees p0, 0q and

p0, 1q, the cohomology H0,1
L2 pΩjq is also Hausdorff. Now by Part (1) of Theorem 6, since

we have covering U of W, such that for each Ωj P U we have H0,1
L2 pΩjq Hausdorff, as well

as the Čech group Ȟ1pU, Z0,0
L2 q Hausdorff, we conclude that H0,1

L2 pWq is Hausdorff.
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Now let n ě 3. We apply part (2) of Theorem 6, and assume that H0,1pUjq “ 0 for

each j. By Proposition 5.1, Ȟ1pU,OL2q “ 0, so the cohomology H0,1
L2 pΩq is isomorphic to

a subspace of
ÀN

k“1H
0,1
L2 pΩkq contained in

!

pγkq
N
k“1 , γk P H

0,1
L2 pΩkq

ˇ

ˇ for i “ j, γi|Ωij “ γj |Ωij

)

.

It is therefore sufficient to show that the above space vanishes. Recall that

Ω1 “ R1 ˆ U2 ˆ U
1
12, and Ω2 “ U1 ˆR2 ˆ U

1
12,

where U 112 “ U3 ˆ ¨ ¨ ¨ ˆ UN . Then

Ω12 “ R1 ˆR2 ˆ U
1
12.

We have by the Künneth formula for L2-cohomology (cf. [5, 6]),

H0,1
L2 pΩ1q “ H0,1

L2 pR1qpbH
0,0
L2 pU2qpbH

0,0
L2 pU

1
12q,

and

H0,1
L2 pΩ2q “ H0,0

L2 pU1qpbH
0,1
L2 pR2qpbH

0,0
L2 pU

1
12q,

where the other terms vanish since H0,1pUjq “ 0 for each j. Similarly we obtain

H0,1pΩ12q “ H0,1
L2 pR1qpbH

0,0
L2 pR2qpbH

0,0pU 112q
à

H0,0
L2 pR1qpbH

0,1
L2 pR2qpbH

0,0
L2 pU

1
12q, (6.1)

Note also that the two direct summands in (6.1) are orthogonal to each other thanks to

the tensor nature of the inner product on H0,1
L2 pΩ12q (see [5]). Consider now the restriction

map

H0,1
L2 pΩ1q Ñ H0,1

L2 pΩ12q, (6.2)

written as γ Ñ γ|Ω12 whose image is

H0,1
L2 pΩ1q|Ω12 – H0,1

L2 pR1qpbH
0,0pU2q|R2

pbH0,0
L2 pU

1
12q, (6.3)

and the map (6.2) may be represented as a tensor product of maps

id
H0,1

L2 pR1q
pbρ pbid

H0,0

L2 pU
1
12q
,

where

ρ : H0,0
L2 pU2q Ñ H0,0

L2 pR2q

is the restriction map f ÞÑ f |R2 from H0,0
L2 pU2q “ OL2pU2q to H0,0

L2 pR2q “ OL2pR2q, which
is injective by analytic continuation, since R2 is connected. Therefore the map (6.2) is
also injective, being the tensor product of injective maps. A similar reasoning shows that
the restriction map

H0,1
L2 pΩ2q Ñ H0,1

L2 pΩ12q, (6.4)

is also injective, and has image

H0,1
L2 pΩ2q|Ω12 – H0,0

L2 pU1q|R1
pbH0,1

L2 pR2qpbH
0,0
L2 pU

1
12q. (6.5)

The subspaces of H0,1
L2 pΩ12q given by (6.3) and (6.5) are orthogonal, being contained in

different summands of the orthogonal direct sum (6.1), so that we have H0,1
L2 pΩ1q|Ω12 X

H0,1
L2 pΩ2q|Ω12 “ t0u, and since this reasoning applies if 1 and 2 are replaced by i and j

with i “ j, we see that

H0,1
L2 pΩiq|Ωij XH

0,1
L2 pΩjq|Ωij “ t0u, (6.6)
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whenever i, j P t1, . . . , Nu. Now in (3.1), let the N -tuple pγkq
N
k“1 P

ÀN
k“1H

0,1
L2 pΩkq be

such that γi|Ωij “ γj |Ωij whenever i “ j. Therefore, by (6.6), we have γi|Ωij “ 0 for all
i “ j. Now the same reasoning that shows that the map (6.2) is injective shows that the

restriction map H0,1
L2 pΩiq Ñ H0,1pΩijq is injective when i “ j, and this shows that γi “ 0

for each i. Part (2) of Theorem 6 now shows that H0,1
L2 pWq “ 0. �

6.2. Proof of Theorem 3. We begin by noting the following variant of Theorem 3 with
minimal boundary regularity, when the factors are each one dimensional:

Proposition 6.2. For j “ 1, . . . , n, let Kj be a compact subset of C, and let K “ K1 ˆ

¨ ¨ ¨ ˆKn Ă Cn be their cartesian product. Then if K is regular, we have H0,n´1
W 1 pKq “ 0.

Proof. For each j, let Uj be a large disc containing the compact Kj . Apply Proposition 2.1,

with rΩ “ U “ U1 ˆ ¨ ¨ ¨ ˆ Un, and K “ K1 ˆ ¨ ¨ ¨ ˆ Kn. A simple topological reasoning
shows that for large enough Uj , the annulus UzK is connected. Since U is pseudoconvex,
the result follows. �

The proof of the general case is similar:

Proof of Theorem 3. For each j, choose a large ball Uj Ă Cnj such that Vj Ť Uj . If

nj ě 2, since H
0,nj´1

W 1 pVjq “ 0, and H0,1
L2 pUjq “ 0, it follows by Theorem 1 that H0,1

L2 pRjq

is Hausdorff, where Rj “ UjzV j . In case nj “ 1, then H0,1
L2 pRjq “ 0, and so is Hausdorff.

Now let W “ UzV , where U “ U1 ˆ U2 ˆ ¨ ¨ ¨ ˆ UN . Therefore, by Proposition 6.1,

we see that H0,1
L2 pWq is Hausdorff. We now invoke Theorem 1 again to conclude that

H0,n´1
W 1 pV q “ 0. �

7. Proof of Theorem 4

7.1. Extension of solvability. In this section, in order to prove Theorem 4 we consider

the following situation. Let D Ť rΩ be bounded domains in Cn, and let K be a compact
set contained in D. We consider the relation between the cohomologies of the annuli

Ω “ rΩzK

and
W “ DzK.

Proposition 7.1. Suppose that in some degree pp, qq, q ě 1, we have Hp,q
L2 p

rΩq “ 0, and

the L2-cohomology Hp,q
L2 pWq is Hausdorff. Then:

(a) Hp,q
L2 pΩq is Hausdorff.

(b) The natural restriction map on cohomology

Hp,q
L2 pΩq Ñ Hp,q

L2 pWq (7.1)

is injective. Consequently, if Hp,qpWq “ 0 then Hp,qpΩq “ 0.

The proof is based on the following observation:

Lemma 7.2. With hypothesis and notation as above, there is a constant C ą 0 with the
following property. Suppose that g P Zp,q

L2 pΩq is such that the restriction g|W is in Bp,q
L2 pWq.

Then there is a u P Ap,q´1
L2 pΩq such that Bu “ g and

}u}L2pΩq ď C }g}L2pΩq .
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Proof. We denote by C any constant that depends solely on the geometry of the domains

W and rΩ, and C may have different values and different occurrences. Since Hp,q
L2 pWq is

Hausdorff, there is a u0 P A
p,q´1
L2 pWq such that Bu0 “ g|W, and we have an estimate

}u0}L2pWq ď C }g}L2pWq . (7.2)

We take a cutoff χ P C80 pDq such that χ ” 1 near K. As usual, we assume that after
multiplying by a cutoff, we extend functions and forms by zero outside the support of the
cutoff. We note that Bpχu0q “ Bχ^ u0 ` χ ¨ g on Ω, so that we have an estimate

›

›Bpχu0q
›

›

L2pΩq
ď C }g}L2pΩq . (7.3)

Let h “ g ´ Bpχu0q. Since by hypothesis g P Zp,q
L2 pΩq, we see that h P Zp,q

L2 pΩq, and near

K, we have h “ g ´ Bu0 “ 0. If we define

h7 “

#

h on Ω

0 on K,

then h7 belongs to Zp,q
L2 p

rΩq, and we have

›

›h7
›

›

L2prΩq
“ }h}L2pΩq ď C }g}L2pΩq , (7.4)

where the last estimate follows immediately from the definition of h and (7.3). Since

Hp,q
L2 p

rΩq “ 0, by the open mapping theorem there is a v P Ap,q´1
L2 prΩq such that Bv “ h7

and

}v}
L2prΩq

ď C
›

›h7
›

›

L2prΩq
“ C }h}L2pΩq ,

where the last equality holds since h7 “ 0 on K. So, if we set

u “ v|Ω ` χu0,

then

Bu “ Bv|Ω ` Bpχu0q “ h7|Ω ` Bpχu0q “ h` Bpχu0q “ g,

by the definition of h. Further we have

}u}L2pΩq ď }v}L2pΩq ` }χu0}L2pΩq

ď C }h}L2pΩq ` C }u0}L2pWq

ď C }g}L2pΩq ,

using (7.2) and (7.4). �

Proof of Proposition 7.1 . (a) Let λ : Zp,q
L2 pΩq Ñ Zp,q

L2 pWq be the restriction map g ÞÑ g|W.

It follows immediately from Lemma 7.2 that Bp,q
L2 pΩq “ λ´1pBp,q

L2 pWqq. But since Bp,q
L2 pWq

is closed in Zp,q
L2 pWq it follows that Bp,q

L2 pΩq is closed in Zp,q
L2 pΩq.

(b) Let g P Zp,q
L2 pΩq be such that classpgq P Hp,q

L2 pΩq is in the kernel of the restriction

map. Then g|W is in Bp,q
L2 pWq, so that by Lemma 7.2 above, g P Bp,q

L2 pΩq, and g represents

0 in Hp,q
L2 pΩq. �
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7.2. Proof of Theorem 4. We let W “ UzK in Proposition 7.1. Let Rj “ UjzKj

be the factor annuli. Therefore H0,1
L2 pRjq is Hausdorff for each j, and consequently by

Proposition 6.1, we know that H0,1
L2 pWq is Hausdorff and vanishes if n ě 3. Since by

hypothesis, H0,1
L2 p

rΩq “ 0, we conclude by Part (a) of Proposition 7.1 that H0,1
L2 pΩq is

Hausdorff and by part (b) that H0,1
L2 pΩq “ 0 if n ě 3.
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[16] L. Hörmander, The null space of the B-Neumann operator. Ann. Inst. Fourier (Grenoble) 54 (2004),

1305–1369.
[17] J. J. Kohn, Global regularity for B̄ on weakly pseudoconvex manifolds. Trans. Amer. Math. Soc., 181

(1973), 273–292.
[18] H. B. Laufer, On Serre duality and envelopes of holomorphy, Trans. Amer. Math. Soc., 128 (1967)

414–436.
[19] H. B. Laufer, On the infinite dimensionality of the Dolbeault cohomology groups. Proc. Amer. Math.

Soc., 52 (1975) 293–296.
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