An illustrated view of differential operators of a
reduced quotient of an affine semigroup ring
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Page, and Janet Vassilev

Abstract Through examples, we illustrate how to compute differential operators on a
quotient of an affine semigroup ring by a radical monomial ideal, when working over
an algebraically closed field of characteristic 0.

1 Introduction

In this paper, we provide illustrative examples and visualizations of some differential
operators on the quotient of an affine semigroup ring by a radical monomial ideal.
These examples motivate our work in [BCK*21]]. For a finitely-generated algebra
R over a field, let D(R) denote the ring of differential operators of R and use * to
denote an action of a differential operator. A foundational result in this area relates
the ring of differential operators of an arbitrary quotient of a polynomial ring by an
ideal J to differential operators on that polynomial ring and the idealizer of J.
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Proposition 1 [SS88, Propostion 1.6] Let S be the coordinate ring of a nonsingular
affine variety over an algebraically closed field of characteristic 0, and let J be an
S-ideal. Then there is an isomorphism

2(5)= o5y 0

where 1(J) := {6 € D(R) | 6 » J c J}, which is called the idealizer of J.

The phrasing of [SS88| Proposition 1.6] given above differs from the original by
making use of the equivalence of the conditions, with notation as above, of 6JD(S) c
JD(S) and 6 » J c J [STOI, Lemma 2.3.1]. Traves [Tra99] uses Proposition
to give concrete descriptions of rings of differential operators of Stanley—Reisner
rings, and Saito and Traves [STO1]] use the same to compute rings of differential
operators of affine semigroup rings. For a non-regular affine semigroup ring R4 over
an algebraically closed field of characteristic 0, Proposition I fails, even for a radical
monomial ideal J in R 4. However, the differential operators on R 4 that induce maps
on R4/J are precisely those in I(J). Further, there is an embedding of rings

i 2 (7)

so the description of D(R,4) by Saito and Traves can still be used to compute this
subring of D(Ra/J).

One primary goal of this article is to visually illustrate the computation of
1(J)/D(Ra,J) when Ry, is an affine semigroup ring and J is a radical monomial
ideal in J; in [BCK™ 21|, we provide an explicit formula for this computation. In
particular, the pictures we provide explain how to compute differential operators of
the form

D(1,J)={6eD(R)|s+1cJ},

where I and J are subsets of the ring R, and * denotes an action by a differential
operator. These sets were originally instrumental in both the work of Smith and
Stafford [SS88]] and of Musson [Mus89, Section 1], and they are essential building
blocks of our computations, as well.

Our second major goal in this paper is to compare JD(R4) and D (R4, J) for an
affine semigroup ring R4 and radical monomial ideal J of R4. Towards this end,
the first set of examples we consider consists of quotients of the coordinate rings of
rational normal curves. These quotients are all isomorphic to C[x, y]/{xy), which is
handled in [Tra99]). From the standpoint of comparing JD(R4) and D(R4,J), what
we will see is that JD(R4) = D(Ra,J) for the rational normal curves of degrees
1 and 2 but fail to coincide in all degrees larger than 2. For rational normal curves
of degree at most 2, J is principally generated and so is JD(R4). In this case, it is
straightforward to see (by definition) that D (R4, J) is also principal and is isomorphic
to JD(R4). However, for degree n > 2, J has n — 1 generators. We will see that this
number of generators greatly impacts I(J)/JD(R4) but not I(J)/D (R4, J).

In [BCK*21]], we consider cases where
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JD(RA) = D(Ra,J), 2)

for the particular ideal J generated by all monomials corresponding to the interior of
the semigroup, i.e., J = wg,. When R4 is Gorenstein and normal, () holds since
wr, is principal. We show that the converse is also true; that is, is equivalent to
R 4 being a Gorenstein ring.

To provide intuition beyond the two-dimensional case, we also offer a three-
dimensional normal affine semigroup ring R 4 for which we compute I(J)/D(Ra,J)
for two choices of J. Then, we return to the two-dimensional setting to consider
a scored but not normal example, as well as a non-scored example, computing
differential operators for quotients of both rings.

Outline

Section 2] fixes notation to be used throughout the article and describes the main result
of [STO1]. Sections and [5|describe I(J)/D (R4, J) for rational normal cones of
degrees 2, 3, and higher, respectively. Section[6|considers a three-dimensional normal
affine semigroup ring modulo two different choices of radical monomial ideal J, and
Section [7|computes I(J)/D (R4, J) for two different non-normal two-dimensional
affine semigroup rings, where J = wg, is the radical monomial ideal corresponding
to the interior of the semigroup NA.

2 Background and Notation

In this section, we fix notation and conventions to be assumed throughout the article.
Although the results we discuss in this paper hold over any algebraically closed field
of characteristic 0, we will use in this illustrated view the field of complex numbers
for the sake of simplicity. Having fixed notation, we will then state and discuss [STO1,
Theorem 3.2.2].

Definition 1 Let A be a k x £ matrix with entries in Z. Let NA denote the semigroup
in Z that is generated by the columns of A. The affine semigroup ring determined by
Ais
Ro=C[NA]= @ C-¢°,
acNA

where t* = 1{'15%---1;* for a = (ay,as,...,ax) € NA. Throughout this article, we
assume that the group generated by the columns of A is the full ambient lattice, so
ZA = ZF, and also that the real positive cone over A, Ry0A, is pointed, meaning that
it is strongly convex.

Definition 2 A semigroup NA is normal if NA = Ryg0A N ZA. A semigroup NA is
scored if the difference (RsgA NZA) \ NA consists of a finite union of hyperplane
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sections of RygA N ZA that are all parallel to facets of the cone Ry9A. An affine
semigroup ring C[NA] is said to be normal, or scored, if NA is normal, or scored,
respectively. Note that normal semigroups are scored.

When we write a facet o of RypA (or A or NA), we will always mean the integer
points in the corresponding facet of RygA. When A is normal, this is the same as the
semigroup generated by the columns of A that lie in the corresponding facet of RypA.

Throughout, we use (—) to indicate ideals in the commutative rings R4 or the
polynomial ring C[6] = C[#},. .., 6k ]. It will be clear from the context if the ideals
are in R4 or in C[4].

Notice that the Z¥-graded prime ideals in R4 are in one-to-one correspondence
with the faces of A (or Ry0A), as a face 7 of A corresponds to the multigraded prime
R 4-ideal

P, = (td|dENA\T).

In this paper, we compute rings of the form I(J)/D(Ra,J), where J is a radical
monomial ideal in R 4; as such, J is always as intersection of primes of the form P,
for various faces 7 of A.

We are mainly following the description of Saito and Traves [STOI1]], although
Musson and Van den Bergh describe the ring of differential operators of a toric
ring C[NA] first in [Mus87], [Mus94] and [MVdB98]] when viewed as a subring
of the ring of differential operators of the Laurent polynomials, i.e., D(Ca[Zk]) =

C{tlil, e, t,fl, d1,...,0c}] ~, where d; denotes the differential operator Fon and ~

denotes the usual relations on the free associative algebra C{tlil e, t,fl, sy 0k}
that describe the behavior of differential operators. To explain the differential
operators of C[NA] as presented by Saito and Traves, note first that D(C[Z*])
carries a Z*-grading, where ¢; denotes the i-th column of the identity matrix / and
deg(#;) = ¢; = —deg(d;). Note also that if a; is a column of A, then deg(¢*') = a;.
Set@; =t;0; for 1 < j <k, and set

Q(d):={aecNA|a+d¢NA} =NA~ (-d + NA).

We note also that for any ™ € R4 and f(6) € C[0], f(8) * £ = f(m)t™. The
idealizer of Q(d) is defined to be

1(Q(d)) := (£(6) € C[6] = C[61,65....6x] | f(a) = 0 forall a € Q(d)),

which is viewed as an ideal in the ring C[#], where ; = #;0; € D(C[Z%]) is of degree
0. We will soon see that 1(Q(d)) consists of f(0) such that £ f(0) € D(R,).

To compute I(Q(d)) for a normal semigroup ring, consider a facet o of A,
recalling that by this we mean all lattice points on the corresponding facet of the cone
R>0A. The primitive integral support function h, is a uniquely determined linear
form on R¥ such that:

1. ho(RspA) >0,

2. ho(Ro) =0, and
3. ho(ZF) = 2.



An illustrated view of differential operators 5

We write o, 0%, ..., 0, for the facets of A, so that for the remainder of the paper,
we set
hy = hi(0) = her (6).

For a non-negative integer n, we will use the following notation to denote this
descending factorial:

(a,n)!:= ﬁ)(a—i) =a(a-1)(a-n),

where « is a function, which could be constant or already evaluated. For example,
hj(-d)-1

(hjshj(-d)-1))! = NORD

will be a common expression throughout this article, as it is a factor in the generator
of the idealizer I(Q(d)). To streamline our presentation, we make the convention
that (a,n)! =1 foralln <O0.

Theorem 1 [STOI| Theorem 3.2.2] If R4 is a pointed, normal affine semigroup ring
with ZA = Z¥, then

D(Ra) = @ t-1(Q(d)),

dezd
=@ TT (hihi(-d)-1)!), 3)
dezd hi(d)<0
where the outer product runs over those j = 1,2,...,m with hj(d) <0.

We now turn to an example that illustrates Theorem [T} as well as our notation.

Example 1 Let R = C[s, st,st?, st>], where deg(s) = 1 = deg(t). Let 4; and 8,
denote the partial derivatives with respect to s and #, and let 8; = 59, and 8, = t0,.
By Theorem|1, D(R)g, for some d = (dy, d>) € Z?, is generated by an element in the
form of s“1t% . £(6,,6,), where f(6,,6,) is a polynomial in 6; and 6,.

To understand the philosophy from [STOII, fix d = (d;,d>) € 72, and consider
a differential operator on R = k[s, st, st2, st3] of the form 6 = s def(el, 62). By
definition, 6 * (s™1¢"2) € R for any monomial s™! ™ € R. We can check that

6 % Smltmg — f(m)sd1+mltd2+m2.

In particular, if s91*1 %+ ¢ R then we must have that § + s™¢™ = 0 so that
f(m) = 0. In summary, & * (s"™¢™) may be nonzero if and only if @+ 2+m2 ¢ R,

These multidegrees m = (m, my) where § * s 12 vanishes are exactly the points
in Q(d). We illustrate examples of Q(d) for specific d in Figure[I| by the integral
points that are on the dotted lines in the first quadrant, including those on the positive
horizontal axis.
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To explicitly compute the polynomial f = £(6,6,) for a fixed d € Z2, we will use
the primitive integral support functions for the two facets of A, which are 7| = 6,
and hy = 36| — 6,. Both of these must divide f, along with all of the linear forms
representing the dotted lines in Figure[I] Specifically, I(Q(-1,2)) is generated by

f(61,602) = ha(hy = 1)(hy =2)(h2 = 3)(h2 = 4) = (h2,4)!,
and I(Q(-2,-1)) is generated by
f(01,602) = hihy(ha = 1)(ha = 2)(h2 = 3)(h2 = 4) = (h1,0)!(h2,4)!.

For d = (-1,2), we have hy(-d) = 5 while h;(-d) = -2 < 0, so there are no
linear forms involving A in this generator. Similarly for d = (-2,-1), h1(-d) = 1,
hy(—d) = 5. In particular, (hy, h1(-d) —1)! = (h1,0)! = hy and (ho, ho(—d) - 1)! =
(h2,4)! = (ha = 4)(h2 = 3)(h2 = 2)(h2 = 1) ha.

As shown in Example |1} I(©(d)) is an ideal in C[6], and any polynomial
f(0) € C[6] has multidegree 0; for any monomial £™ € R4, f(0) * t™ = f(m)t™,
which belongs to R4. So to determine if the d-th graded piece of D(R4) applied
to a monomial lands in R4 or an R4-ideal J, it is enough to test the membership
of any monomial 4™ and then adjust the 6-portion of the differential operator
appropriately. Membership failure for R4 only occurs if m lies in NA but outside of
the cone —d + Ry9A, whereas for J # R 4, failure is more likely to occur. Since the
monomials whose exponents lie on a face of —d + Ry¢A will lie on the corresponding
face 7 of A, if an associated prime of J is a prime ideal associated to a face that
contains 7, then membership failure will also occur for m on this face. In either case,
there are only finitely many potential linear forms to be determined, and they are of
the form /1, (6) — ho(—d) where h is the primary support function of a facet o-.

Fig. 1: Half-lines of vanishing for various d; here, d = (-1,2) and (-2,-1).



An illustrated view of differential operators 7

In [Eri98, [Tra99, [Tri97[], Eriksson, Traves, and Tripp separately computed the
ring of differential operators of a Stanley—Reisner ring over an arbitrary field, i.e.,
the quotient of any polynomial ring over a field by a squarefree monomial ideal.
We include here the ring of differential operators of an ordinary double point
R = C[x,y]/{xy) using the viewpoint presented by the above authors, as it exhibits
behavior akin to our computations in this article. In [Mus89]], Musson also considered
the differential operators on an ordinary double point.

Example 2 The ring of differential operators on C[x, y] is the Weyl algebra W =
C{x,y, 0y, dy }, which is the free associative algebra generated by x, y, d, 9y, subject
to the relations:

{xy = yx,0,0y — 0y0x, Oxy — yOx, Oyx — X0y, Oxx — x0x + 1,0,y — yO, + 1}.
The Weyl algebra W is a graded ring with deg(x) = deg(y) = 1 = —deg(dy) =
—deg(dy).

For the ordinary double point ring R = C[x, y]/(xy), Traves shows in [Tra99,
Theorem 3.5] that the idealizer of (xy) in W is also graded and generated by

{l,xm,y”,xmy",xmaf(,y"é‘){,xmynﬁiﬁf [i>m>0,j>n>0}.

Notice in particular that x™' 8" and y" 4y both have degree 0. Setting 6 = xdy and
6y = ydy, from the Weyl algebra relations, it follows that

) -l _ . -l
0L =x" (0 =€) =x" (0x,i=1)! and 8] =y~ -T[(6y-€) = (6y.j - 1)L
£=0 £=0
Hence x" 3% = x™~" - (6,,i — 1)! and y"8] = y"~/ - (6,7 — 1)!, and x™y" 3.3} has
multidegree (m —i,n — j) in W. In fact,

W= @ """ ((6x.m-1)!(0y,n-1)1),

(m,n)ez?

which is a presentation of the Weyl algebra using the Saito—Traves approach from
Theoremm From this viewpoint, Traves showed that

x"y" - ClOy, 0y ] ifm,n>0,
1)) (mny = X"y ((Ox, —m)!) ifm<0,n>0,
e xmy"~((9y,—n)!) ifn<0,m>0,

xmy" ((HX,—m)!(Hy,—n)!) ifm,n<0.

Further, (xy)W can be expressed as a multigraded W-ideal that is contained in I({xy))
as follows:
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x"y" - Cl6y,6y] itm,n>0,
(xy)W _ ((Ox,—m)!) ifm<0,n>0,
(m,n) XMy <( y,—n) ) ifn<0.m>0,

"yt {(Ox, —m)! ( —n)!) if m,n<0.

Now, applying Proposition|[T]yields a computation for the ring of differential operators
for the ordinary double point R = C[x, y]/{xy):

0 if mn +0,
76[9)“9))] ifm=n=0
D(C[x’y]) = (0x0<y()0 -m)!) | 4)
(xy) (o) X m 1fm¢0,n:0,
<(9y’_n)!) .
yte—————  ifn+0,m=0.
((6y.—-m)'6y)

We next fix some notation to be used in the remainder of this paper. Whenever the
dimension of the semigroup ring under consideration is k = 2, instead of using #;, #»
as our variables, we will use s, ¢. Further, when considering subsets of R? and R that
contain the lattice points that describe a set of monomials in our semigroup, such as
lines or planes, we will describe them with the variables x, y, and z, for example, the
line y = 2x — 1 in R? or the plane x — z = 2 in R3.

Consider the matrix
A 1111
"Tl012n]”

We call Ry, = C[NA, ] = C[s, st,st%,...st"] the ring of the rational normal curve
of degree n, since it is the coordinate ring of the affine cone of the projective rational
normal curve. This ring will be the subject of the next three sections. The two facets
of A,, are

o =N[(l)]:{(x,y)eN2|x20,y=0} and
UFNM ={(x,y) eN? |x 20,y = nx}.

The prime ideal associated to o is Py = (st, stz, ...,st"), and the prime ideal
associated to o is Py = (s, st, ..., sl ). We will consider the radical ideal

(st, st2, ... ,st"‘l) ifn>1,

J=P nPy=
e {(szt) ifn=1.
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Observe that Ry, /J = C[x, y]/(xy) for all n > 0. At the end of Section [5] we revisit
Example [2| and present a C-algebra isomorphism between D(C[x,y]/{xy)) and
D(Ra, /J) and compare it to our calculations for I(J)/D(Ra,,,J).

3 Differential operators on the rational normal curve of degree 2

In this section, we compute the idealizer, I(7), along with the subset of differential
operators D(Ra,, I) for the ideals I = Py = (st,st*) and I = J = (st) over the ring of
the rational normal curve of degree 2, R4, = C[s, st, stz]. To aid our computations
we include illustrations of the lattice representing the multidegrees in the plane
broken down into four chambers where the operators will be determined by similar
expressions. The facets of A; are

o1={(xy) eN?[x20,y=0} and o2 ={(xy) eN*|x,y20,y=2x},
which have primitive integral support functions
hi =60, and hy =260, - 6,.

Figure [2)illustrates the integer lattice, divided into four
chambers that are colored as follows:

C1: The red multidegrees correspond to monomials in
J, the gray multidegrees correspond to monomials
in Py \ J and the blue multidegrees correspond to
monomials in R4, \ Py,

C2: The yellow multidegrees are the d with i1 (d) > 0
and h,(d) <0,

C3:The violet multidegrees are the d with both /; (d) <
0 and hy(d) <0, and

C4: The green multidegrees are the d with h;(d) <0
Chambers of D(Ra4,) and hy(d) > 0.

Still following the convention (/,7)! = 1 if n < 0, by Theorem[] the graded pieces
of D(Ra,) are

D(Ra,)a = s41% - ((h1, hy(=d) = 1)! (hy, hy(~d) = 1)1).
Broken down by chambers, this amounts to:

st . C[o] ifd e C1,
s@1% . ((hy, -2d) + ds — 1)) if d € C2,
s@t9 ((hy,—dy = 1) (hy,-2dy +dy - 1)!) if d € C3,

A(hy,~dy = 1)) if d € C4.

D(Ra,)a =

sy
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Example 3 We first compute the graded pieces of the sets of differential operators
I(Py) and D(Ra,, P1). Later, since C[x] 2 Ra,/P1, we will exhibit a C-algebra

isomorphism between D(C[x]) and D(Ra,/P1).
To begin, recall that

H(Pl) = {5ED(RA2)|5*P1 EPl} and D(RAZ,Pl) = {(5€D(RA2)|5>%R§P1}.

Now if d € C1 and s ¢™ € Py orif d € C1 \ oy and s™'t"™ € R4,, then for any
g(0) eC[o],

sT1%2 g (9) % s™1™ = g(m)sh ™M B ¢ P so

H(Pl)d = D(RAz)d for all d € C1 and D(RAZ,Pl)d = D(RAz)d foralld € C1 ~ o].

(a) Lines parallel (b) Lines parallel
to 073. to 0.

Fig. 3: Lines parallel to the facets.

With the aid of Figure 3] we will explain how to determine I(P;) and D(Ra,, P)
in the other chambers. The red lattice points in Figure 3] indicate the monomials in
P;.

First, note that if d € C2 and s™¢" € Py or d € C2\ (-07) and s™t™ €
Ry,, and m lies on one of the lines y = 2x — r shown in Figure @, then
sy (ha,—2d; +dy — 1)1, the generator of D(Ra,)q, applied to such a mono-
mial will either be a constant times a monomial represented by a red lattice point
on one of the lines y = 2x — j for 0 < j < r or, when (hy(m),-2d; +d, - 1)! = 0, it
will be 0. Hence,

I[(Pl)d = D(RAz)d ford e C2 and D(R,Pl)d = D(RAz)d ford e C2 ~ (—0’1).

Now if d € C4 and s™'¢"2 € Py or d € C4 U o and s™'¢™ € R4, and m lies on
one of the lines y =  shown in Figure then s91¢4 (h1,—dy - 1)!, the generator of
D(R4,)a, applied to such a monomial will either be a constant times a monomial
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represented by a red lattice point on one of the lines y = j for 0 < j < r or, when
(h(m),-2d, +dy - 1)! = 0, it will be 0. However, the monomials represented by
the lattice points on y = 0 do not lie in P;. The monomials represented by the red
lattice points on the line y = —d, are precisely the monomials whose image is a term
represented by a lattice point on 0. Hence, we need to further right-multiply any
operator in D(Ra, )q by 62 + d>, so that

I(P1)a = st* - ((h1,~d>)!) ford e C4 and

D(Ra,, P) = s%t% - ((hy,-dy)!) ford e C4U 7.
Using similar reasoning, we can easily see that

I(P)g = sU1% - ((hy,-d2)! (hy,-2d, + dy — 1)!) for d € C3 and
D(Ra,, P1)a = st - ((h1,~da)! (ha,~2dy + dy —1)!) ford € C3U (-0y).

Putting these all together, the graded pieces of I(P;) and D(Ra,, P1) are as
follows:

s . C[] if d e C1 =NA,,
H(P))a = sht9 ((hy, -2d; + dy — 1)) ifdeC2,
VAT iy ((hy,—do)! (ho, ~2dy +dy — 1)1) if d € C3,
s@t® . ((hy,~dy)!) if d € C4,
st . C[] if 9t e Py,
D(Rao. Py)a = sht% ((hy, =2dy + dy — 1)) ifdeC2\ (-0y),
A TN sdiyds ((hy,~dy)! (o, ~2dy +dy — 1)1) if d € C3U (o),
sht ((hy,-da)!) ifdeCduo.

Now taking the quotient, we obtain:

0 ifd ¢ Zo,
( I(Py) _ Sd]‘%ge)] ifde o,
D(Rq4,.P1) ), a1y
s ((h2, 24, - 1)!) ifde (-0 0).

(h1 (ha,-2d, - 1)!)

Viewing D (C[x]) as a Z-graded algebra over C[6, ], we note that

D(Cx]) = di 99.Clo] @ ;de[Gx] - ! (0 -d - )L-Clo]

The map

S x4 (0, -d - 1)!- Loy gd, (U2 -1)Y)
T P VR (S PR
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which is defined on the generators by

d(x? (0, —d - 1)!) = 59 (ha, =2d = 1)! + (hy (hy, -2d - 1)),

although a C-vector space isomorphism, does not produce a ring isomorphism. The
graded pieces in negative degree are generated by polynomials in 8 whose degrees
are twice as large as large as the degrees in 6, given in the Weyl algebra. In fact,

D(Ra,/P1) =

ifd¢ZO’1,

ifd e oy,

Therefore, we can produce an isomorphism of graded rings y:D(C[x]) —
D(Ra,/P)) defined for any m € N by

y(x™)=s", and ¢ (dy)=s"- (E,m - 1)! + (E (%,m - 1)!).

2 2

Example 4 We will now compute the graded pieces of the sets of differential operators
I(J) and D(Ra4,,J), as well as the graded pieces of JD(R4,). Recall that

I(J)={5eD(Ra,) |6%xJ<J} and D(Ra,.J)={6eD(Ra,)|6%RCJ}.

Fig. 4
Vanishing
ford = (-1,0)

We will soon give a general formula for the graded
pieces of I(J) and D(Ra,,J); however, for illustrative
purposes, first consider the graded piece of D(Ra4,)
at (=1,0): s7' - ((ha, 1)!). Applying s~! - (hy,1)! to
a monomial whose exponent lies in the two parallel
half-lines 0 and y = 2x — 1 in NA will yield 0, which
certainly lives inside J. However, when we let sh.
(h2, 1)!act on amonomial whose exponent is a member
of the half-lines y = 2x — 2 or y = 0 lying inside NA,,
we obtain an integer multiple of a monomial whose
exponent lies in one of the facets of A,, o» or o
respectively, and these are not in J. The remaining
monomials in J yield another element of J when they
are acted upon by any operator in s~ - ((ha, 1)!) .

In Figure[d} the two light blue lines indicate the two

half-lines representing the multidegrees of monomials in R4, that, after application
of an element in D (R4, ) (-1,0), fails to yield an element in J. To correct for this lack
of membership in J for the monomials on y = 2x — 2, every element of D(Ra,) (1,0

should be multiplied by (4, — 2); applying s~! - (h2,2)! to these monomials yields 0.
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The application of s™! - (h2,2)! to the remaining monomials in J will output a term
inside J. Thus,

I(J) =10y = 57"+ ((h2,2)1).

Similarly, for every operator 6 € D(Ra, ) (1,0), 6(h2 = 2)hy  s™1™2 = 0 for every
mony=2x-2orin oy. Also, §(hy — 2)hy * s™1™2 € J for all other m in NA, so

D(Ra,,J)(-1,0) = 5™ (R (ha,2)1).

In fact, using a similar argument applied to any d € C2 in the case of I(J)4 and
d e C2~ (—o) for D(R4,.J)a, applying an operator in D(R4,)q to a monomial
with exponent on the half-lines y = 2x — j for 0 < j < hy(—d) will give 0; whereas,
these operators applied to a monomial with multidegrees on y = 2x + h;(d) yields
a constant multiple of a monomial with exponent in 0». Hence, right-multiplying
5Nt . (hy, ho(~d) — 1)! by hy + ho(d) produces an operator that, when applied to
monomials with multidegrees on the lines y = 2x + h,(d), becomes 0, and

I(J)g = st - ((hy, -2d, +d,)!) foralld e C2, and
D(Ray,J)a = s1® - ((hy, -2d, + dp)!) foralld e C2~ (~o7y).

We will discuss the multidegrees d € C2 n (-0 ) momentarily, when we turn to C3.
Determining the graded piece of multidegree d
for both I(J) in C4 and D(Ra,,J) in C4 \ (-07) is
quite similar to the arguments we used to determine
I(J)q for d in C2 and D(R4,,J)q for d in C2~ (o),
respectively. We will briefly describe I(J)(_; _»y and
D(Ra,,J)(-1,-2) With the aid of Figure [S|and then
immediately describe the general case. Recall that
D(Ra,)(~1,-2) = s~ '™+ ((hy,1)!). Similar to the
argument for degree d = (-1, 0) above, the monomials
corresponding to the multidegrees which lie on the
two light blue lines (y = 2 and o) in Figure [5|are the
only exponents of monomials that fail to land inside
Fig. 5 J after the application of s™'¢72 - (hy,1)!.
for Zafl(sﬁllng_ 2) To correct this deficiency, right-multiply by (7;-2)
’ for H(J)(—l,—Z) and (/’l1 - 2)]’12 for D(RA2, J)(—l,—z)'
Notice that applying the operator s~'#=2 - (h,2)! to a monomial corresponding to
d € NA; along the half-lines y = 2 or the operator sl (h1,2)'hy to a monomial
corresponding to d € NA; along y = 2 or y = 2x now yields 0, and no problems are
created for the remaining monomials in J or R, , respectively. Thus,

I(J)(-1,-2y =702 ((h1,2)!) and  D(Ra,.J)(-1-2y ="t ((h1,2) ).

In fact,
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1(J)g = st% - ((h1,~-dy)!) foralld e C4, and
D(Ray,J)a = s1® - ((hy,-dy)!) foralld e C4~ (—on).

We will return to D(Ra,,J)q for d € C4 n (—0%) when we turn to C3.

Determining I(J)q for d € C3 or D(Ra,,J)a
for d € C3uU (-0q) U (-02) again is akin to the
arguments we gave above for D(Ra,,J)(1,0) and
D(Ra,,J)(~1,-2)- With the aid of Figure |6} we will
briefly describe

I(J)(1,-1y and D(Ra,,J)(-1,-1)-

This explanation can easily be extended from d =
(-1,-1) to all multidegrees d in C3 (or in C3 U
(—o1) U (-02) in the case of D(Rg,,J)). If the
operator s~'t~' - hyhy, which is the generator for

Fig. 6 D(Ra,)(-1,-1), is applied to any of the monomials
Vanishing corresponding to multidegree d € NA, along the two
ford = (-1,-1) light blue half-lines in Figure @ (the portion of y = 1

or y = 2x — 1 in C1), we obtain an integer multiple of
a monomial with exponent in the facets o} or 0%, respectively, which is not in J, and
no problems are created for the remaining monomials in J (or R, for D(Ra,,J)).
Hence, right-multiplying by (h; — 1)(hy — 1) yields a new operator s~'¢~!
(hy,1)! (ha,1)! that will send to 0 all monomials with multidegrees d € NA, along
the half-lines y = 2x — 1 and y = 1. No problems are created for the remaining
monomials in R4, and we obtain

I(J)(-1,-1) = D(Ray. ) (o1 -1y = 577 (A1, 1)1 (B2, 1)1).
In fact,
I())a = D(Ra,.J)a = s¥1% - ((h1,-d))! (h2,-2d, + d»)!)  forall d € C3,
and
D(Ra,,J)a = s"t% - ((h1,-d>))! (ha,—2d; + d>)!)  foralld € (-o) U (-02).
Hence, the graded pieces of I(J) and D(R4,,J) are as follows:

shrd> . Cl0] if d e C1 =NA,,
sht® ((hy, -2d, + dy)!) ifdeC2,
sht% ((hy,~da)! (ha, -2d; + d>)!) ifd € C3,
shth ((hy,-da)!) if d € C4,

I(J)a =
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shrd . Clo] if sh119 € J,
shtd ((hy, -2d, + dy)!) ifde(C2\ (—op))u(om~{0}),
D(Ra,,J)a = { sh1%
((hy,—dy)! (hy,=2d; + d»)!) ifd e C3U(-01) U (-0),
sht9 - ((hy, -d>)!) ifde (C4~ (—02))u (o~ {0}).

Now taking the quotient, we obtain:

0 ifd¢(ZO’1UZO’2),
gz, CLO] ifd =0,
(h1h2)
g S0 if d e oy ~ {0},
1(J) ) é;h a
D(Ra,,J) d_ sdipdz . }E ifd € o» \ {0},
2)
142, (f(n(}(lhz,;iZ)d‘l))!) ifde(-o1),
digdy  _\\CLTE2)N _
s (> (hy—da)) ifd e (-o2).

As both J and D(Ra,) are graded, we can similarly determine JD(Ra4,). Our
goal for the remainder of the section is to compute the graded pieces of JD(R4, ), in
order to observe that, in this case, D(Ra,,J) = JD(Ra4,).

To begin, note that for all sdigdr ¢ 72

D(Ra,) (dy-1,dr-1) = sT 12 (b, ~do)! (Mo, -2d) + do))).
For s ¢™2 € J the graded piece at the multidegree (dy — my, dy — my) will be
shmmygde=ma (g (dy —my) = 1) (ha, =2(dy —my) + dy — my — 1)!).
Note that since m| and m; are both positive,

g gme (di—mypdo—my _ odi tdz’

and

((h,=(d2 = c2) = 1) (h2,-2(dy —c1) +da —c2 = 1))
is contained in ((h, —d2)! (ha, —2d; + dz)!). Thus, to determine (JD(Ra,))q for
any d € 72, it is enough to (left) multiply D(Ra,)(d,-1,d,1) by st. Hence, from our
previous computation, it follows that
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sded2 . Clo] if sh1% e J,
sht® ((hy, -2dy +dy)!)  ifde(C2~ (~0p))u (o~ {0}),
(JD(Ra,))a =1 st - ((hy,~dy)!
(hy,-2d; +dp)!) ifdeC3u(-01)uU(-02),
sht . ((hy, -d>)!) ifde(Ca~ (—02))u (o~ {0}).

Combining all cases together, it follows that for an arbitrary d € Z?, there is an
equality

(JD(Ra;))a = s"1% - ((h1, by (=d))! (ha, ha(=d))!) = D(Ray. T )a-

4 Differential operators on the rational normal curve of degree 3

In this section, we determine some subsets of the ring of differential operators for the
ring of the rational normal curve of degree 3 determined by its interior ideal J. We
contrast these computations with the degree 2 case that was determined in Section 3]
Although the description follows the same reasoning as the degree 2 setting, we
ultimately get quite different behavior for the operators that end up in JD(R4,).

The ring of the rational normal curve of degree 3 is R4, = C[s, st, st2, st3], and
we will compute I(J)/D (Ra,,J), where J = (st, st*) is a radical ideal. The facets of
Az are

o :{(x,y)eN2|x20,y:0} and 0'2:{(x,y)EN2|x,y20,y:3x},

Oo0o0o0Qyge which have primitive integral support functions

/’l] = 92 and /’12 = 39] —92.

Figure[/|illustrates the integer lattice, divided into four
chambers that are colored as follows:

C1: The red multidegrees correspond to monomials
in J, and the blue multidegrees correspond to mono-

@0 o0 mials in Ra, \ J,
© 0 0 C2: The yellow multidegrees are the d with i (d) >0
00 o and h,(d) <0,
° PPN C3: The violet multidegrees are the d with both
o000 hi(d) <0and hy(d) <0, and
C4: The green multidegrees are the d with &;(d) <0
(@) © 0 O
and hy(d) > 0.
© © 0 0 0O
Fig. 7 Still following the convention (h,n)! = 1 if n < 0,

Chambers of D(Ra,) by Theorem (1] the graded pieces of D(Ra,) are
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D(Ra)a =s"1% - ((hi by (=d) = 1)! (ha, ha(=d) - 1)1) .

Broken down by chambers, this amounts to:

s> . C[0] ifd e C1,

D(Ra.)a = shth ((hy,=3dy +dy - 1)!) if d € C2,
; shth ((hy,—dy = 1)! (hy, -3d) +dr — 1)!) if d € C3,
st ((hy,-dy — 1)) if d € C4.

Determining the graded pieces of I(J) and D(Ra,,J) in D(R4,) is very similar
to our computations in Section [3| Here we include some visualizations for d ¢
{(-1,0),(-1,-3),(-1,-1),(~1,-2)} in Figure[§|to aid our in our description of
how to obtain I(J)4 and D (Ra4,, J)a. Then, we will list the expressions for I(J)4 and
D(Ra,.J)q by chamber, as we did in Section [3]

®)yd = (-1,-3).

©d=(-1,-1). (@d=(-1,-2).
Fig. 8: Vanishing at various d
For each d in the illustrations in Figure 8] when we apply elements of D (R4, )a

to any of the monomials represented by lattice points along the light blue lines, we
obtain an integer multiple of a monomial whose exponent lies on a facet. As in Section
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these lines determine the linear multiples #; — h;(d) we must append to I(Q(d))
to obtain either I(J)q or D(Ra,,J). Note that the light blue lines h;(x) — h;(d) =0
that have contain a red dot determine the /; — h;(d) we right-multiply by to obtain
I(J)q4 and that the light blue lines 4; (x) — h; (d) = 0 that have non-empty intersection
with the the entire cone determine the h; — h;(d) we right-multiply by to obtain
D(Ra,,J)a. Below we summarize the graded pieces of I(J) and D(Rg,,J), as we
did in Section[3t

st . C[0] if d e NA3,
shth ((hy,-da)!) if d € C4,
11(J)d =\ 4 .d .
sU1® . ((hy, =3d + dr)!) if d € C2,
sht% ((hy,—d>)! (ha, -3dy + d>)") if d € C3,
s> . C[9] if s9119 € J,
shtd ((hy, -do)!) ifde(C4~ (-02))u (o~ {0}),

D(Ray,J)a =4 sD1% - ((ha, -3d; + d»)!) ifd e (C2~ —0y) U (0 \ {0}),
st ((hy, —do)!-
(ha,=3d; + dp)!) ifde C3u(-0op)uU(-07).
®)

Taking the quotient, we obtain:

0 ifd ¢ (Zoy UZo),
sdipdz . Cle] ifd=0
(hiha) ’
st clo) if d e (op ~ {0}),
1(J) ) (h1)
(D(RAS,J))d_ sdlr‘b-%e)] if d e (o~ {0}),
2
gy A(ha3d0)Y) N
I L
sd dy _MP1LTE2)0) i —0 N\ .
' (h2 (h1,-d>)!) fde (oo {0)

In the remainder of the section, we compute the graded pieces of JD(R4,) to
show that they are not equal to the graded pieces of D(R4,,J). This means that
Proposition [1{ does not hold for this ring. To begin the computation, if st € J,
then

D(RA3)(d1—m1,d2—mz)
= ghmmpdmme (hy —(dy = ma) = 1)! (hy, =3(dy —my) +dy —my — 1)),

Further, since my, mp > 1, s™ M2 sd1=mpda=my — odigdr and there is a containment
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OO0 OO0 e

@ (JD(Ra3))a ®) (JD(Ra;))a
fore? e J. ford € C2.
O0000Og @ O0O000O e
O O @) ® [oJNe) O )
O O @) ® [eJNe) O )
O 0 0 ® [eJNe) @ )
O O ® O O e
O O @ O O e
O O ® (oJNe) e

© © 0

© e 0

S o o

(@] o o

o o o

./ © CC)

@) © © © 0 00 ® @ @ @ @ @

(© (JD(RA3))a (d) (JD(Ray))a (€) (JD(Ra,))q ford on
ford € C4. ford € C3. exceptional lines in C2 and C4

Fig. 9: Visualizing (JD(Ra4,))a.
((h],—(d2 - mz) - 1)! (hz,—3(d1 - ml) + d2 —my — 1)!)
c ((h1, —dz)! (hz, —3d1 + d2 + 1)!, (hl,—dz + 1)! (]’lz,—?)dl + dg)!).

Thus, to determine the graded piece of (JD(Ra,))q for any d € Z?, it is enough to
consider D(Ry4,) in multidegrees (d; — 1,d> — 1) and (d; — 1,d, —2), where



20 Berkesch, Chan, Klein, Matusevich, Page, and Vassilev

D(RA) (dy-1.dy-1y = sV t%7 (1, ~d2)! (hp, -3dy +dy + 1)) and
D(RA,) (dy-1.dy-2) = ST 711272 ((hy, —dy + 1)1 (ha, =3dy + do)!).

We will now break down this computation by chambers from Figure[/] leaving off
some half-lines along the way and addressing them as special cases later on. For C1,
Figure@helps to visualize that if s*'7%2 € J, then at least one of the two multidegrees
(di-1,dy - 1) or (d; - 1,d, - 2) lives in NA. Since D(Ra, )m = st - C[0] for
all m € NA, (JD(Ra,))a = s41% - C[6] for s91192 ¢ J. We will consider the blue
multidegrees in C1 with their neighbors in C2 and C4.

Now consider the graded pieces of (JD(R4,))q for d in o or C2, excluding
the two half-lines in that chamber given by —o1 and y = 1. Since we excluded the
x-axis and y = 1, both (d; — 1,d» — 1) and (d; — 1,d, - 2) lie in C2 for all d under
consideration, see Figure@ Since

D(RA) (a-1.dy-1y = 5“7 t%71 (2, -3dy + dy + 1)1)  and

D(RA) (dy-1.dy-2) = SV 711472 (o, =3dy + da)1),
and there is a containment ((h;, —3d; + dy + 1)!) € ((hy, -3d; + d>)!; ), for such d,
(JD(Ra,))a = sU11% - ((hy, -3d; + do)!).

Now consider (JD(Ra,))q for d in o or in C4, excluding those multidegrees
that lie on —o» or the half-line y = 3x — 1. Since we excluded the multidegrees on
—opand y =3x - 1, both (d) - 1,dp - 1) and (d; — 1,d» — 2) also lie in C4, as seen
in Figure[@d| Since

D(RA,) (dy-1,dy-1y = 57~ 1421 ((hy,~dy)!)  and
D(RA) (dy-1.dy-2) = sV 711472 ((h,—da + 1)1),

and there is a containment (4, —d» + 1)!) € ((hy,—d>)!), it follows that for such d,
(JD(Ra;))a = s1% - (11, ~d2)1).
For (JD(R4,))a for d in C3, -0y, or -0, see Figure[9d|

D(RA3)(d1—1,d2—1) —Sdl le ! ((h], dz) (hz, 3d1+d2+1)>
D(RA,) (dy-1.dp-2) = ST 71272 ((hy,—dy + 1)1 (ha, =3d, + do)!).

Since the ideals
<(h1,—d2)! (hz,—3d1 +d2 + l)!) and ((hl,—dz + 1)! (hz,—3d1 + dg)!)

are incomparable, it follows that for such d,
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(JD(Ra;))a
= Sd'l‘d2 . ((h],—dz)! (l’lz,—3d1 +dr + 1)!, (/’l],—d2 + 1)' (hz,—3d| +d2)!>.

The multidegrees d that we have not yet considered for (/D (Ra,))q are those in
C2 along y = 1 and in C4 along y = 3x — 1. For such d, one of (d; — 1,d> - 1) or
(d1 - 1,d, - 2) belongs to C3, see Figure First, for d in C2 along the line y = 1,
(di-1,-1) € C3, and

D(RA)(a-1,-1y = ST 717 (hy (ho, =3dy + 1)1).

Combining the fact that D(Ra; ) (a,-1,0) = sh=1((hy,-3d; +2)!), we compute that
(JD(Ra,))a = st - ((hy, =3dy +2)!, hy (ha, =3dy + 1)),
Second, for d € C4 along the line y = 3x — 1,
D(Ra;) (dy-1,3d,-2) = sUBN=2 (), =3dy +1)1hy).
Connecting with the fact that
D(Ray)(dy-13d-3) = 877 2077 (b1, -3d) +2)1),
we determine that
(JD(Ra,))a = sT2N7"((hy, =3dy + 1)'hy, (hy, =3d; +2)!).

Having now computed JD (R4, ) in all multidegrees, we have that

st . Clo] if sh11% ¢ J,
sht% ((hy, -3dy + da)") if d € R2,
(JD(Ray))a = {sD1% - ((h1,—dy)! (hy, =3d) + dy + 1)),
(h1,-do + 1) (hp,-3d) + d»)!) ifd €R3,
sTt® ((hy,~dy)!) if d € R4,

where

R2=(C2\(opu{y=1}))u(oz~{0}),
R3=C3U(—0’1U—0’2)U(NA3), and
R4 =(C4~ (pu{y=3x-1}))u (o~ {0}).

Now compare this with D(Ra,,J) from (3)); it becomes clear that (JD(Ra,))a #
D(R4,.J)a whenever d belongs to any of the following: —o, —0», C3, C2 along
the half-line {y = 1}, or C4 along the half-line {y = 3x — 1}. In particular,
1(J)/D(Ra,,J) #1(J)/JD(Ra4,), in contrast to Proposition |1}
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5 Differential operators on a rational normal curve

The techniques used in Sections [3| and |4 can also be applied to compute 1(J)g,
D(Ra,.J)a, (JD(Ra,))a and (I(J)/D(Ra,.J)),. where the radical ideal J =
(st,st%,...,st" 1) is again the intersection of the primes defined by the facets of A,,.
We denote the facets of A, by

o1 ={(x,y)eN?*|x>0,y=0} and o3 ={(x,y) eN?|x,y>0,y=3x},
which have primitive integral support functions
hl :92 and h2:391 —92.

Again, we divide Z? into chambers, analogous to those used in Sections 3|and 4} so
Cl ={decZ?|decNA},

C2 ={deZ?|hi(d) >0,hy(d) <0},

C3 ={deZ?|hi(d) <0,hy(d) <0}, and

C4 ={d eZ2? | hi(d) <0, hy(d) >0}.

These computations yield the following formulas:

shrd . Clo] if d e NA,,
sht ((hy,-da)!) if d € C4,
11(‘])d =\ 4 .d .
st 2'((h2,—nd1+d2)!) ldeCZ,
shth ((hy,—do)! (ha, —ndy + d>)") if d € C3,
shed2 . C[0] if sh119 € J,
st ((hy, —dy)!) ifdeC4,
D(Ra,,J)a =
(Ra,-J)a sNt% ((ha, —nd, + dy)") ifdeC2,
shth ((hy,~do)! (ha, —ndy +dy)!) ifd e C3,
where
C2' = (C2~ (o)) u (o~ {0}),
C3’ =C3u (—0’1 U —0'2),
C4' = (C4~ (~0n)) u (o~ {0});
st . Clo] if sh11% e J,
sht4 - ((hy, -dy)!) ifd e C4”,
(JD(Ra,))a = {s¥t® - ((hy, —nx + y)!) ifd e C2",

shtd2 . ((hy, —da + j)!-
(ha.—ndy +dy +n -2 - j)1)'-5  if dinC3",

where
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n-2
c2’=c2n | U{y =j}),
J=0

3’ =C3u|C2n ('(_Jz{y = j})] u lC4ﬂ (nUZ{y = nx —f})]’

J=0

(OJNG)

n-2
C4" =C4a~ U{y:nx—j}).
=0

Recall from Section [ that JD(R4,) # D(Ra,.J);
we see that this is true for all rings of rational normal
curves Ra, = C[s,st,...,st"] with n > 3. Specifically,
comparing D(Ra,,J)q and (JD(Ra4,,))a for various d €
72, the graded pieces differ whenever d belongs to o, 02,
C3, the half-lines in C2 inside

ONONONONONONG)

([ ] O O
{(x,y) eR*|x<0,y=i,0<i<n-2}, L O
[ ] O O
or the half-lines in C4 inside ) O O
2 [ ] O O
{(x,y) eR°|x<0,y=nx-i,0<i<n-2}. ° 00
. . . [ O O
Figure [I0] has these multidegrees d in blue for the case
n="17. Fig. 10
As with the rational normal cones in degrees 2 and 3 éJD(RAJ)d and
. 2 (Ra,, J)a differ
from Sectlonsand@ ford € Z*, at blue d
0 ifd e Z>\ (Zoy UZo),
Cle
0 [h]) ifd=0,
I(J) ) 1ha
( = ((ha, —nd)") . (6)
D(Ra,,J d, o= A ifd € Zoy ~ {0},
( An ) d <h] (h%l,_nccill)") { }
sdipda . M ifdeZoy {0}
(hy (h1,-d2)!)

Example 2| considered the ordinary double point C[x,y]/{xy), which is iso-
morphic to Ra,/J for all n > 1. Comparing D(C[x,y]/{xy}))a from @) and
(I(J)/D(Ra,.J)), from (6), we see that there is an isomorphism between the graded
components, viewed as C-vector spaces, given by ¢: D (C[x, y]/{xy)) = D (Ra,/J)
with, for m € Z,
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p (C[Ox,ay] ) C[é]

<gx9)'> <h1h2),
me :sm~M
SO( ((9x,—m)!6y)) (s —nm) 1)’ and

m A@mm)Y) \ o (B nm))
‘p(y ((ey,—m)!ex))_ ! ((hy,—nm)hy)

However, this isomorphism is not an isomorphism of rings. Again as in Example[3]
the degree of the polynomial generator in 6; and 6, in multidegree d is n times the
degree of the polynomial generator of in 6, and 6. In fact, noting that along Zo,
d» = nd;, we have

0 if d € 2> \ (Zoy UZo),
Cle] o
<ﬂ@> ifd=0,
n n
()
D (Ra,[T)g=1sh hn— ifd e Zoy ~ {0}, (7
1

(2. o)
2”— if d € Zo, ~ {0}.

Now comparing @) and (7), we see there is an isomorphism of the ring of
differential operators between the two rings given by, for each m € Z,

U((Bns=m)! + (05, -m)10,)) = 5™ (%,—m)! ) ((%—m)'h1>

U((Oy,—m)!+((0y,-m)165)) = s~ - (;,—m)! + <(%,—m)!h2>,

Y(x™)=s", and (™) =s""".

6 Higher dimensional examples

Thus far, we have considered differential operators determined by radical ideals in
two-dimensional semigroup rings. In this section, we turn to looking at some of the
differential operators in the three-dimensional semigroup ring given by
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1111
A=[0101
0011

and describe some subsets of differential operators of R4 given by two different
radical ideals J. For both choices of J, we will compute the graded pieces I(J)g,
D(Ra,J)q and (I(J)/D(Ra,J)) - For the given matrix A,

Ru = C[NA] = C[tl,lllz,t1[3, t112l3:|.
The facets of the cone RypA are

o1 =N{ej, e + e2}, o3 =N{e| +e3,e; +er +e3},
o =N{ej, e; + e3}, o4 =N{e| +ez,e; + e, +e3},

and the corresponding primitive integral support functions are

hy=h(0) =03, h3=h3(0)=01-03, hy=hy(0) =62, ha=ha(9)=0;-
The prime ideals associated to the facets are

Py =(tit3,11213), P, = (tit2,1i2t3), Py, =(t1,1112), Pg, = (t1,1113),

and the prime ideals associated to the
rays (or 1-dimensional faces) of the
cone are

ity 113, 111213),

=

Poynos = (t1, tit2, 111213),
=
=

O']ﬂo'z

t, i, ti3),

(T;ﬂ()’4
Pyinoy = 1,113, T 0t3).
Fig. 11 In contrast with the two di-
Chambers for C[t, t112, t1 13, t11213] mensional cases considered in Sec-

tions B} 4] and [5} the increased dimen-
sion of the semigroup NA allows for many more choices for radical monomial ideal
J in R4. We will compute I(J)/D (R4, J) for two such choices,

J=Py NPy, NPy, NPy, =(fitat;) and

2 2.2 2, .2
J=Py NPy, N Poing, = (titat3, 111513, 11 1213).

For both choices of J, to compute the graded pieces of I(J), we will divide up A
into 14 chambers, depending on various combinations of signs of %;(d). Table
describes the 14 chambers in a list, while Figure@illustrates them, with chamber
C1 (given by NA) in the top right with some of the lattice points of NA shown. Note
the x-axis is the vertical axis in this picture.



26 Berkesch, Chan, Klein, Matusevich, Page, and Vassilev

Chamber |Halfspace inequalities Lattice point inequalities

Cl |{deZ?|h(d),hd),hs(d), hy(d) 20} NA

C2 ({deZ’|hi(d),h3(d) >0, hy(d) >0, hy(d) <0}|{d €Z’ | dr>d; >d; >0}

C3 |{deZ?| ha(d), ha(d) 20, hi(d) >0,h3(d) <0}|{d €Z’ | ds>dy >dr 20}

C4 ({deZ’|hi(d),h3(d)>0,hy(d)>0,hy(d) <0}|{deZ’|dy>d320>dy}

C5  |{d eZ3| hp(d), ha(d) 2 0, h3(d) > 0, hy(d) < O}|{d € Z° | dy > dr > 0 > ds}

C6 |({deZ’|hi(d),hy(d)>0,h3(d), hy(d) <0} |{deZ’|d320,dr>0,dy>di,ds>d}

C7  |{d 23| hp(d), hs(d) 2 0, hy(d), ha(d) <0} |{deZ?|dr>0>ds.d> > dy > d3}

C8 ({deZ’|hi(d),hs(d)>0,hy(d), h3(d) <0} |{deZ|d3>0>dy,ds>dy>dy}

C9  |{deZ?|h3(d),hs(d) 20,hi(d),hy(d) <0} |{deZ’|0>dr,0>ds,d) >da,di >d3}

C10 [{d eZ?| hi(d), h3(d), hs(d) <0, ha(d) 20} |{deZ’|dy>20>d;>d}

Cll |{deZ | hy(d). h3(d), ha(d) <0, hy(d) >0} |{deZ?|ds>0>dy>d}

C12 [{deZ?| hi(d), ha(d), h3(d) <0, hs(d) 20} |{deZ’|0>d5>d; >dy}

C13 |{deZ?|h(d),ha(d), ha(d) <0,h3(d) 20} |{deZ?|0>dr>d >d3}

C14 |{d cZ? | hy(d). ha(d), hs(d)., hy(d) < 0} ~Int(NA)

Table 1: The chambers used to compute I(J) in Examples|5|and @

We must modify the chambers slightly to compute the graded pieces of D(R4, J),
as we now consider which differential operators, when applied to an element in R4,
yield an element in J. Although all of the operators in the graded pieces of I(J) lying
on the facets send J into J, it is not necessarily the case that these operators applied to
an element of R 4 will output an element in J. So we will switch the lattice points on the
facets that correspond to monomials that do not lie in J to lie in the adjacent chambers
by interchanging > with >. We will describe these new regions within the examples.

Example 5 First consider the ideal
J =Py NPy, NPy, NPy, = (213)

inRy = C[l‘],tltz,tltg,,tll‘ztg,].

In Figure[I2] the multidegrees in the
gray cone whose vertex lies at (2, 1, 1)
correspond to the monomials that lie in
J, and the monomials in the outer cone
lie in R4 \ J. Note also that the view of
the cone that we see in Figure[T2]is from
the side of the xz-plane.

Fig. 12
Cone of R4 with ideal J = (t12t2t3)
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Since none of the points on the facets of the cone have monomials that lie in J, the
14 regions that we consider in determining D (R4, J) are listed in Table

Region|Halfspace inequalities Lattice point inequalities

Rl |{d €Z | hi(d), ho(d), hs(d). hu(d) > 0} Int(NA)

R2 {d€Z3|h1(d),h2(d),h3(d)>0,h4(d)$0} {d€Z3|d22d1 >d; >0}

R3 {d€Z3|h1(d),h2(d),h4(d)>0,h3(d)$0} {d€Z3|d32d1 >dy >0}

R4 |{decZ’ | hi(d),h3(d), hy(d) >0,hy(d) <0} |[{deZ’|d)>d;>02dy}

R5 |{decZ’|hy(d),h3(d), hs(d) >0,h;(d) <0} |[{deZ’|d >dr>02ds}

R6 |{deZ’|hi(d), hy(d) >0,h3(d), ha(d) <0} |[{deZ?|dr>0,d35>0,dr>d,d3>d}

R7 {d623|hz(d),h3(d)>O,h1(d),h4(d)SO} {d€Z3|d2>02d3,d22d1 >ds}

RS |{d<cZ’|hi(d), hy(d)>0,hy(d), h3(d) <0} |{deZ’|d3>0>dsr,d3>d >ds}

R9 |{d eZ®|h3(d), ha(d) >0, hi(d), ho(d) <0} |{d eZ®|d\ > da,di >d3,0>d,0>ds}

R10 |{d e Z’ | hi(d), h3(d) <0, hy(d) <0,hy(d) >0}|{d € Z’ |dy >0 > d3 > d;}

R11 |{d e Z’ | ha(d), ha(d) <0, h3(d) <0, h(d) >0}|{d € Z’ |d3 >0> dy > d;}

RI2 |{d eZ® | i (d), h3(d) <0, hy(d) < 0, hy(d) > 0}|{d € Z3 | 0> d3 > d\ > dy}

RI13 |{d €Z® | hy(d), ha(d) <0, hi(d) < 0, h3(d) > 0}|{d € Z3 | 0> dy > d\ > d3}

R14 |{d e Z’ | hi(d), hy(d), h3(d), hs(d) < 0} -NA

Table 2: Regions to compute D(R4,J) in Example

If d is in C1 (which are the lattice points corresponding to points in the semigroup)
when considering the idealizer or R1 (which are the lattice points corresponding
to the monomials in J) when considering D (R4, J), then D(R4)q is generated by
multiplication by 4. Multiplying any element of J by ¢ remains in J making the
graded pieces of I(J)q = t - C[#] and D(Ra,J)a = 4 - C[6].

Since the multidegrees in the chambers and regions corresponding to C2 — C5 and
R2 - RS will all need operators adjusted only for monomials in J whose exponents
are parallel to a single facet in A, we will only describe the process to determine the
graded pieces of I(J) and D (R4, J) for chamber C2 and region R2, respectively, as
precisely the same type of argument holds for the other chambers and regions. If d is
in C2 in the case of the idealizer or in R2 in the case of D(R4, J), consider the lattice
points corresponding to the monomials in J on the plane x — y + h4(d) = 0. When
an element in I(Q(d)) is applied to such a monomial in J, the result is a constant
times a monomial with exponent on the facet o4, which is not in J. Hence we need to
multiply I((d)) by hy4 + ha(d), so for d in C2,

I(J)a =t ((ha, ha(-d))!)
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(©)
(b) d ={(—2, Oi;)l) € 510’
d=(-1,0,0) € Cs, 2+ hi(d) =0},
¥ = - hs(d) =0}, and
et o g Gy

Fig. 13: Vanishing planes

and for d in R2,
D(Ra,J)a =t - ((ha, ha(~d))!).

Figure[T3a]illustrates the plane in C2 that determines the linear form that we multiply
by I(Q(d)) to obtain I(J)4.

Since the multidegrees in the chambers and regions corresponding to C6 — C9 and
R6 - R6 will all need operators adjusted only for monomials in J whose exponents
are parallel to two facets of A, we will only describe the process to determine the
graded pieces of I(J) and D (R4, J) for chamber C6 and region R6, respectively, as
precisely the same type of argument holds for the other chambers and regions. If
d is in C6 in the case of the idealizer or R6 in the case of D(R4,J), consider the
lattice points corresponding to the monomials in J on the planes x — y + hy(d) =0
and x — z + h3(d) = 0. When an element in I(Q(d)) is applied to such monomial in
J, the result is a constant times a monomial with exponentonx -y =0orx -z =0,
which is not in J. Hence we need to multiply I(Q(d)) by (h3 + h3(d))(hs + ha(d)),
so for d in C6,

I(1)a =t ((h3, h3(~d))! (hs. ha(-d))!),

and for d in R6,
D(Ra,J)a = t* - ((h3, h3(~d))! (hs, ha(=d))!).

Figure [T3B]illustrates the two planes in C6 that determine the linear forms that we
multiply I(€2(d)) by to obtain I(J)4.

Since the multidegrees in the chambers and regions corresponding to C10 — C13
and R10 — R13 will all need operators adjusted only for monomials in J whose
exponents are parallel to three facets of A, we will only describe the process to
determine the graded piece of I(J) and D (R4, J) for chamber C10 and region R10,
respectively, as precisely the same type of argument holds for the other chambers and
regions. If d is in C10 in the case of the idealizer or R10 in the case of D(Ra,J),
consider the lattice points corresponding to the monomials in J on the planes
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z+h(d)=0,x-z+h3(d)=0and x — y + hy(d) = 0. When an element of I(Q(d))
is applied to such a monomial in J, the result is a constant times a monomial whose

exponent is in o, 03, or oy, which is not in J. Hence we need to multiply I(Q(d))
by (hy + hi(d))(hs + h3(d))(ha + ha(d)), so for d in C10,

I(J)a = t* - ((h1, b1 (~d))! (h3, h3(~d))! (ha, ha(=d))!),
and for d in R10,
D(Ra,J)a =t ((h1, hi(~d))! (h3, h3(~d))! (ha, ha(~d))!).

Figure illustrates the three planes in C10 that determine the linear forms that we
multiply by I(Q(d)) to obtain I(J)4.

If d is in C14 in the case of the idealizer or R14 in the case of D(R4,J), consider
the lattice points corresponding to the monomials in J on the planes z + hy(d) = 0,
y+hy(d)=0,x-z+h3(d) =0and x — y + hs(d) = 0. When an element of 1(Q(d))
is applied to such a monomial in J, the result is a constant times a monomial with
exponent on one of the facets o; of A, which is not in J. Hence we need to multiply
I(Q(d)) by (hy + hi(d))(ha + ha(d)) (h3 + h3(d)) (hg + ha(d)), so for d in C14,

I(J)a =" ((h1, 11 (~d))! (ha, ha(=d))! (h3, h3(=d))! (ha, ha(~d))!),
and for d in R14,
D(Ra,J)a =t* - ((h, hi(=d))! (ha, ha(~d))! (h3, h3(=d))! (ha, ha(~d))!).

Combining the information from all 14 chambers C1-C14 and regions R1-R14,
the general formula for the graded piece of the idealizer of J at d € Z3 is

}I(J)d:td-< I1 (h,»,hi(—d))!>,
hi(d)<0
and the general formula for the graded piece of the D(Ry4,J) at d € Z° is
D(RA,J)d=td'< [1 (hi’hi(_d))!>'
hi (d)<0
For any d € 73,
IT (hi,hi(-d !)
( 1(J) )—td (h,»(d)<o( (-4))
D(RaJ) ), '
Eella | 1 G-

hi(d)<0

Example 6 Now consider the ideal
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2 2.2 2, 2
J =Py NPy, NPoing, = (tThat3, 111513, 111213)

in Ry = C[t, 1112, 1113, 11 £213]. In Figure we give two views of the cone with the
lattice points in J shaded in grey. Note that multidegrees of the monomials in J lie in
the interior of the cone and on the interiors of the two faces o3 and oy, so this is the
grey portion of the figure.

Fig. 14: Cone of R4 with J = Py, N Py, N Porynor,

Since the only points on the facets of the cone that have monomials that lie in
J lie in the interiors of 03 and oy, the 14 regions that we consider in determining
D(Rg,J) appear in Table 3]

If d is in C1 = NA, when considering the idealizer or R1, which are the exponents
of the monomials in J, when considering D(R4, J), then D(R4)q is generated by .
The product of any element of J and ¢ is also an element of J, which means that the
graded pieces are [(J)g = t¥ - C[0] and D(Ra,J)q = t¢ - C[6].

Since the multidegrees in C2 — CS5 and R2 — RS potentially affect monomials in J
whose exponents are parallel to a single facet of A, we will only describe the process
to determine the graded pieces of I(J) and D (R4, J) for chamber C2 and region R2,
respectively, as precisely the same type of argument holds for the other chambers and
regions. The reader may refer to Figure[T3a]to help visualize the argument below. If d
is in C2 in the case of the idealizer or R2 in the case of D(R4,J), consider exponents
of monomials in J on the plane x — y + h4(d) = 0. When an element of I(Q(d)) is
applied to such a monomial in J, the result is a constant times a monomial on the
interior of the facet o4, which is in J. Hence, for d in C2,

I(J)a = 1% ((hg, ha(~=d) - 1)),

and for d in R2,
D(Ra,J)a =t ((hy, ha(~d) - 1)1).

Since the multidegrees in the chambers and regions corresponding to C6 — C9 and
R6-R9 can will all need operators adjusted only for monomials in J whose exponents
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Region

Halfspace inequalities

Lattice point inequalities

R1

{d eZ? | hi(d), ha(d), h3(d) > 0, ha(d) > 0} U
{d €2’ | hi(d), ha(d), ha(d) > 0, h3(d) > 0}

{deZ?|x%eJ}

R2

{d 7% | hy(d), ha(d) > 0, h3(d) > 0, ha(d) < 0}

{dEZS|d2>d12d3>0}

R3

{d €7 | hy(d), ho(d) > 0, hy(d) > 0, h3(d) < 0}

{d€ZS|d3>d12d2>0}

R4

{d €Z? | hi(d), h3(d), ha(d) > 0, ha(d) < 0} U
{d €Z? | h3(d) =0, hy(d), ha(d) > 0, ha(d) < 0}

{deZ?|di>dy>0>dy} U
{deZ?|di=dy>0>dy}

RS

{d eZ®| ha(d), hs(d), ha(d) >0, h(d) <0} U
{d €7 | ha(d) = 0, hy(d), h3(d) > 0, b (d) < 0}

{deZ?|di>d>0>d3}u
{deC|d =d>>0>ds}

R6

{d €Z? | hi(d), ha(d) >0 and h3(d), h4(d) < 0} U
{d eZ? | hy(d) >0, hy(d) > 0, h3(d) = hy(d) = 0}

{deZ?|dy>0,dy>0,dy>dy,d3>dy} U
{deZ’|d =dy=d;>0}

R7

{d € Z | ho(d), h3(d) > 0, by (d) < 0, ha(d) < 0} U
{d e Z? | hy(d) >0, h3(d) = 0, hi(d) <0}

{deZ?|dr>0>ds5,dp >dy >ds} U
{deZ?|dy>0>d =ds}

R8

{d eZ? | hi(d), ha(d) >0, ha(d) <0, h3(d) < 0} U
{d eZ’ | hi(d) >0, ha(d) = 0, hy(d) < 0}

{deZ?|d3>02dr,ds >dy >db} U
{deZ’|d3>0>d =dy}

{d €73 | h3(d), hy(d) > 0, hy (d), hy(d) < 0} U

{deZ3|d1 >d2,d3,02d2,d3}u

R9 {d € Z? | hi(d), ha(d) < 0, hy(d) > 0, h3(d) = 0} U {deZ’|0>d =dy,0>d; >d3} U
{d €7’ | hi(d), ha(d < 0, h3(d) > 0, hy(d) = 0} {deZ’|0>d =d5,0>d; >db}
R10 [{d €Z?| hi(d) <0, h3(d), ha(d) <0, ho(d) > 0} {deZ?|dy>02d3>d}

R11

{d €73 | hy(d) < 0, hy(d), h3(d) < 0, hy(d) > 0}

{deZ?|dy>0>dy > dy}

R12

{d eZ? | hi(d), h3(d) <0, hy(d) <0, ha(d) > 0}

{deZ’|0>dy>dy >ds}

R13

{d € Z? | ha(d), ha(d) < 0, h1(d) <0, h3(d) > 0}

{deZ’|02dy>di >dp}

R13

{d eZ* | hi(d), ha(d), ha(d) < 0, h3(d) > 0}

{deZ|0>dy>d > ds}

R14

{d eZ? | hi(d), ha(d)h3(d) <0, ha(d) <0} U
{d €Z? | hi(d), a(d)ha(d) <0, h3(d) < 0}

{deZ’|di <dy<0,d) <d3 <0} U
{deZ’|d <dy<0,dy<d; <0}

are parallel to two facets of A, we will only describe the process to determine the
graded piece of I(J) and D (R4, J) for chamber C6 and region R6, respectively, as
precisely the same type of argument holds for the other chambers and regions. The
reader may refer to Figure to help visualize the argument below. If d is in C6 in
the case of the idealizer or R6 in the case of D(R4,J), consider the multidegrees
of monomials in J on the planes x — z + h3(d) =0 or x — y + hs(d) = 0. When an
element of I((d)) is applied to such a monomial in J, the result is a constant times
a monomial on 03 or oy. This is not in J only if this monomial’s exponent is in
the intersection of the two planes. Hence, we need to multiply I(Q(d)) by either

Table 3: Regions for D(R4,J) in Example@

(h3 + h3(d)) or (hs + ha(d)), so that for d in C6,
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I(J)g = . (hg, ha(=d) = 1) (h3, hs(-d) = 1)! - ((hs + h3(d)), (hg + ha(d))),
and for d in R6,

D(RA,J)d =
td . (h4,h4(—d) - 1)! (/’l3,h3(—d) = 1)! . ((/’l3 + h3(d)), (/’l4 + h4(d))>

Since the multidegrees in the chambers and regions corresponding to C10 — C13
and R10 — R13 can will all need operators adjusted only for monomials in J whose
exponents are parallel to a three facets of A, we will only describe the process to
determine the graded piece of I(J) and D(R4, J) for chamber C10 and region R10,
respectively, as precisely the same type of argument holds for the other chambers and
regions. The reader may refer to Figure [I3¢|to help visualize the argument below. If
d is in C10 in the case of the idealizer or R10 in the case of D(R4,J), consider the
multidegrees of monomials in J on the planes z + & (d) =0, x — z + h3(d) = 0, and
x -y +hy(d) =0. When an element in I(Q(d)) is applied to such a monomial in J,
the result is a constant times a monomial on o7, which is not in J, or a constant times
a monomial in 03 or 0y, which is not in J only if the monomial is in the intersection of
o3 and 0. Hence, we need to multiply I(Q(d)) by either (A + h1(d))(h3 + h3(d))
or (hy + hi(d))(hg + ha(d)), so that for d in C10,

I(J)g = t%
(h1, i (=d))! (h3, h3(=d) = 1) (ha, ha(=d) = 1)!-((h3 + h3(d)), (ha + ha(d))),

and for d in R10,

D(Ra,J)q =t
(h1,hi(=d))! (h3, h3(=d) = 1)! (ha, ha(=d) = 1)! - ((h3 + h3(d)), (hs + ha(d))).

If d is in C14 in the case of the idealizer or R14 in the case of D(R4,J), consider
the multidegrees of the monomials in J on the planes z + 71(d) =0, y + hy(d) = 0,
x—-z+h3(d) =0, and x — y + hs(d) = 0. When an element of I(Q(d)) is applied
to such a monomial in J, the result is a constant times a monomial in o or o>,
which is not in J, or a constant times a monomial in o3 or o4, which is not in
J if this monomial lies in both planes parallel to these faces. Hence we need to
multiply 1(Q(d)) by (hi + hi(d))(h2 + ha(d))(hs + h3(d))(ha + ha(d) — 1) or
(l’l] + hy (d))(h2 + hz(d))(hg, + hg(d) - 1)(h4 + h4(d)), so that for d in C14,

I(J)g = t%
[T (i o~ - 1)!-((ﬁ<hi +hi<d>>),<h4+h4<d>> (ﬁ(hﬁhi(d»))
i=1 i=1 i=1

and for d in R14,
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D(Ra,J)q =t
4 3 2
1} (hi, hi(=d) = 1)!- ((Hl(hi + hi(d))) , (ha + ha(d)) (1—{(}11 + hi("))))-

Putting all the information together from all 14 chambers C1-C14 and regions
R1-R14, the general formula for the graded piece of the idealizer of J at d € Z3 is

I(J)g = t*

4
H(/’li,hi(—d)—l)!~< H (/’ll+hl(d)) s H (/’ll+hl(d)) ),
i=1 h; (d)<0 h;i(d)<0

for i+4 for i+3

and the general formula for the graded piece of D(R4,J) at d € Z3 is

D(Ra,J)q =t

4
H(hi,hi(—d)—l)!'< H (/’l,+hl(d)) s H (hl+hl(d)) )
i=1 h; (d)<0 h; (d)<0

for i+4 for i#3

We also have for any d ¢ 73,

( I(J) ):td.
D(Ra,J) )4

(h,,hl(—d)—l)'< H (h,+/’ll(d)) 5 H (hl+hl(d))
h[(d)<0 h,(d)<0
for i+4 for i#3

e

I
—_

—_—

—_——

4

n(hi,h,«—d)—l)v( 0 (e m(@) || T (s mia))
i=1 h,‘(d)SO ]’l,‘(d)ﬁo

for i+4 for i+3

7 Non-normal examples

Thus far, we have restricted our attention to normal semigroup rings. However,
Saito and Traves determined the ring of differential operators for all saturated affine
semigroup rings in [STO1, Theorem 3.3.1] (see also [ST04, Theorem 2.1]), and we
can use this work to compute 1(J), D(R,J) and I(J)/D(R4,J) for non-normal
R4 and a graded radical R4-ideal J. We broaden slightly from normal to scored
semigroup rings, see Definition[2] We include two examples; one is scored and the
other is not. However, the two quotient rings modulo the interior ideals are isomorphic
and we will see that the expressions for I(J)/D (R4, J) in both rings are isomorphic.
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230
Example 7 Consider the matrix A = , which is associated to the semigroup

001

ring R4 = C[NA] = C[s2,5°,¢]. Since R, is not normal, note that integer points in
the faces of A and NA differ from those in Ry9A. We let

o1 =N{ep} and o, =N{e}

be the integer points in the facets of the cone RygA. The primitive integral support
functions of NA are

h] :/’ll(@) :91 and h2=h2(9):92.
The prime ideals associated to the facets of A are
Pi=(s®,s’) and P, =(t).

SetJ=P NP, = (szt, s3t). Note that R4 is a Gorenstein ring that is not normal, and,
in this case, the ideal J, which is the interior, is not the canonical module of R 4.

We will again use chambers of Z* to aid
in our computations of the graded pieces of
I(J)/D(Ra,J); in particular, we show that
I(J)/D(Ra,J) is only nonzero in multidegree
d if d € 01 U 07, as occurred in the normal cases
computed thus far. In Figure[T5] the red multi-
degrees correspond to the monomials in J, and
the blue multidegrees are exponents for mono-
mials in the semigroup ring R4 that do not lie
in J. The monomials at the orange multidegrees

Fig. 15: behave somewhat more like the red and blue,

Chambers for C[s2, 53, 1] in that, for all such d, I(J)g = D(Ra)q4. Thus,

together the red, blue, and orange multidegrees

form chamber C1. The yellow multidegrees constitute C2, the violet points form

C3, and both the green and dark green make C4. The vertical lines {x = -1} and

{x = 1} contain multidegrees d for which extra care is needed to determine 1(J)g4
and D(Ra,J)a.

Eriksen showed in [Eri03, Proposition 2.1] that the ring of differential operators
of a numerical semigroup ring R = C[¢'] is

D) - @si-{ 1 @-7),

deZ veQ(d)

where Q(d) = {y e | y +d ¢ I'}. We encode these polynomial generators using
G4(8), where
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1 if dy € N(2,3),
hy ifd =1,
Ga(0)=1n, -1 ifd) =1,
(h1,1-dp)!

Tl p g < -2,
(hi - 1)(hy +dy) !

By Theorem for any d € 72,
D(Ra)g = sy (Ga(0) (hy,—dy — 1))

To determine I(J) or D(R4,J), we must determine the lines of multidegrees that
contain operators that, when applied to monomials in J or R, produce elements in
R ~ J. Note that given m € NA,

sT1%G4(0) (hy,—dy — 1)1 % s™1™ = Gg(m)(ha(m),—dy — 1)1 - s pderma
3)

If d € C1 and st € J, then the result of @]) will remain in J. Thus, for all d € C1,
D(Ra,J)a = st% - (G4(0)).
Next, for d € C2, when m € NA n {x = —d, }, then the result of (§) is a constant
times a monomial in o}, which does not belong to J. Hence, for all d € C2,
I()a = st - (Ga(0)(hy + dy)).
Further, if d € C2u (o \ {0}), then
D(Rp, ) = s7t% - (Ga(0)(hy + dy)).

For d € C4, when m € NAn {y = —d,}, then the result of (8) is a constant times a
monomial in 0», which does not belong to J. Hence, for all d € C4,

I(J)a = 571" - (Ga(0) (ha,—d2)!).
Further, if d € C4uU (0, ~ {0}), then
D(RA,J)d = Sdl tdz . ((hz, —dz)!).

Finally, for d € C3,if m € {x = —-d; } n{c | st e J} orif m € {y = -dr} NNA,
respectively, then the result of @]) is either a constant times a monomial in o or o7,
respectively. Hence,

I(J)a = st (Ga(0)(hy +dy) (hy,—d2)!).
Finally, if d € C3 U (-0) U (-03), then

D(Ra.J)a = st - (Ga(0)(hy +dy) (ha, —d2)).
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Gathering these computations,

sht . (G4(0)) ifd e Cl,
1) = st (Ga(0)(hy +d,)) if d € C2,
st (Ga(0)(hy +dy) (ha,—dy)!)  ifd e C3,
sT1t% (G 4(0) (hy,—d2)!) if d e C4,
and
shth (G4(0)) ifdeCL~ (o Uom),
shpda. (Ga(0)(hy +dy)) ifde (C2~o)u (o n{d,>0}),
D(Ra.J)a = st - (G4(6)-

(h1+d1)(h2,—d2)!> ideC3U{0}U(—O’1)U(—O’2),
shth (Ga(0) (hy,—dy)!)  ifde(Ca~oy)u(omn{d >0}).

Taking the quotient of the above multigraded modules, we then obtain a description
of the graded pieces of I(J)/D (R4, J) as follows:

0 ifd ¢ Zo uZo,

Cl6] itd-o.

(h]h2> Gy(0

I(J) ~ s‘%dLM, ifd, £0,d =0,
D(RA,J) d_ (GGd(eth)

gdipda M ifd, =0,d, >0,
D,y

g, (Ga(0) (o, ~do)\) ifd; =0,d, <0.
(h1Ga(0) (ha,-d2)!)

In this case, JD(R4) = D(R4,J), so (2) happens to hold in this example. To see
this, compute (JD(R4))a by looking at 1(Q(d - (2,1)) and I(Q(d - (3, 1)) for any
d € Z°. For an example of how showing this equality works, when (d; —2,d, — 1)
and (d, - 3,d, — 1) are both in C2 \ 07, then for d; <0,

(h1,3-d)!

(/’ll - 1)(]11 +d1 —2)
(h1,4-dy)!

(hy =1)(hy +d; -3)°

and

G (a,-2,a,-1)(0) =

G (4,-3,d,-1)(0) =

Both of these polynomials are divisible by G4(8)(h; + d1):
(h1,3-dy)!
Gia—2.a,-1)(0) =
@200 = G N G )
=Ga(0)(hy +di)(h +dy -3)
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and
B (h1,4-dy)!
G lar-2.4,-1)(0) = (hi = 1)(hy +d; -2)
= Gd(g)(l’ll +d1)(h1 + d1 —2)(/’11 + dl —4)
Further,

1= (/’l1 +d1 —3)2— (/’l] +d1 —2)(h1 +d1 —4),
which implies that
(Ga(0)(hi +dy)) = (G(dl—z,dz—])(g)vG(d1—3,d2—1)(9)>-
Hence for d € C2, there is an equality D(Ra,J)g = s9t% - (G4(0)(hy + dy)) =
(JD(RA))a-

_ 1230
Example 8 Consider the matrix A = , which is associated to the semigroup

1001

ring R; = C[NA] = C[st, 5%, 5%, 1], which is not normal, scored, or Gorenstein. As in
Example we denote the integer points in the facets of the cone RsoA by

O']ZN{ez} and 0'2=N{€1}.

The primitive integral support functions of NA
are

h] =h1(9) =91 and h2=h2(9)=92.

The prime ideals associated to the facets of A
are

[ J
Py =(st,s*,s°) and P, =(st,1). °
Finally, set J = Py n Py = (st, szt). °
Note that Ra/J from Example [7]is isomor-
phic to R3/J. Hence, we would also expect that Fig. 16
~ T . Chambers fi
I(J)/D(Ra,J) 21(J)/D(Rz,J). We will deter- c[sfi2?2~53,(;r]

mine the graded pieces of I(J) and D (R, J),
as well as [(J)/D(R 7., J); then, we will exhibit an isomorphism between the graded
pieces of I(J)/D(Rz,7) and I(J)/D(Ra,J).

We will again use chambers of Z* to aid in our computations of the graded pieces
of I(J)/D(R4,J). In Figure[16] the red multidegrees correspond to monomials in
J, while the blue ones (both light and dark) are the remaining d € Z> for which
D(R7)a =1(J)a; together, these red and blue multidegrees form chamber C1. The
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remaining multidegrees are split into chambers as in the previous examples: yellow
points form C2, violet points make C3, and green points give C4.

In [STO1, Examples 3.2.7 and 3.3.4], Saito and Traves found that for any d 72,
D(R7)a = sN11% - 1(Q(d)), where

r21 (hi, hi(-d) - 1)! ifd¢e —NA,
i=1
Hed) = IZ[ (hi, hi(=d) = 1)!- )

1
<h1+d1—1,h2+d2> ifdeel—NX.

i

To compute I(7), we first determine which elements of I(Q(d)) are already in I(J).
To do this, we first break up (9) into cases by chamber:

s . 1(Q(d)) ifd e Cl,

shth ((hy, b (~=d))!) ifd e C2~ (o),
I()g =1 st (hy,hi(=d))! - (hy +dy = 1,hy)  ifde(-0m),

st ((hy, hy(=d))! (hy, ha(~d))!)  if d € C3,

sN1% ((ha, hy(~d))!) if d e C4.

Similarly,

st . Clo] if sh11% ¢ T,
sUt% ((hy, hi(=d))!)  ifde(C2~ (~02))u(oq  {0}),
D(Rz.D)a =3 s4t® - ((ha, ha(~d))!)  ifd e C4~ (~ory),
st ((hy, by (-d))!-
(hz,hz(—d))!) ideC3U(—O’1)U(—O’2).

Putting these together, the graded piece of I(J)/D(R 7, J) at d € Z* is

0 ifd ¢ Zoy uZos,
sh dz'ﬂ ifd e oy ~
t (h1> fd 1 {0},
sd‘td2~((2}59>] ifd eos~{0,(1,0)},
2
@) et O ifd=0,
DRoT) . é9192)
AT g i) if d = (1,0)
(h2) T
d dz.(h],h](—d))!(hl-f-d]—l,hz) i € (o) ~
dipda. SheiLars ifde(-oq)~{0}.
ST <h1(h2,h2(—d))!) fd ( 1) {0}
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Looking at the graded pieces of I(J)/D(R4,J) from Example|7|and noting that
Ga(0) =C[6] ford € (o) U (o2~ {0,(1,0)}, it follows that (I(J)/D(Ra,J)), is
identical to (I(J)/D (R, .7))d for all d exceptd = (1,0) and d € (—02) ~ {0}. So we
only need to exhibit that the graded pieces are isomorphic for d € {(1,0)} U (=o»)
{0}. Note that for d; <0 and d; # -1,

(h1,1-dp)!
<(h1—1)(h1+d1)> o A(h, 1 =dy)Y)
< (h,1-dy)! hy >: ((h1,1=d1)! ha)
(h=1)(h +dy)

by the Third Isomorphism Theorem, and

(/’l],]’l](—d))!(/’l] +d; - l,hz) ~ ((/’l], 1- d])!)
((h1,h1(-d))hy) " {(h1, 1 =d))! hy)
by the Second Isomorphism Theorem. A similar argument gives an isomorphism in

the remaining multidegrees. Combining the information on all graded pieces, we
have explicitly shown that

I) . 1Y)
D(R3.7) " D(RaJ)’
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