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Abstract 

Brinson model is one of the most widely used Shape Memory Alloy models due to its 

prediction power over a wide range of operating temperatures and inclusion of 

measurable engineering variables. The model involves parameters that are determined 

based on experimental data specific to a particular alloy. Therefore, it is subject to both 

experimental uncertainty and natural random variability in its parameters that propagate 

throughout the loading/unloading of the material. In this paper, we analyse the sensitivity 

of the Brinson model to its parameters using a probabilistic approach, and present how 

the uncertainties in these parameters at different operating temperatures propagate as 

evidenced by the resulting stress-strain curves. The analyses were performed for 

isothermal loading/unloading and at various operating temperatures representing possible 

phase changes between martensite-austenite and martensite-martensite variants. The 

results show that the sensitivity of the model varies considerably based on the operating 

temperature and loading conditions. Additionally, the variability in the model’s output is 

amplified after phase transitions during loading, and loading the material above the 

critical stress for martensite transition reduces variability during unloading. Based on the 

results of the sensitivity analysis, recommendations as to which parameters affect the 

variability of the model-predicted stress-strain curves are presented. 

Introduction 

Shape Memory Alloys (SMAs) have drawn significant attention due to their 

characteristics that have potential to revolutionize the engineering design and related 

applications (Jani et al., 2014). They have been used as functional materials and in the 

development of novel actuators that can be used in active control of structures. SMAs 

have been used in a wide variety of applications due to their high recovery stress (>500 

MPa) (Song et al., 2003; Balta et al., 2005), low operation power, large recoverable strain 

(up to 10 %) (Wei et al., 1998), and long life span under cyclic loading (Ikuta, 1990). 

Additionally, SMAs have very high power volume ratio that attests to their tremendous 

potential to be used in compact design solutions (Balta et al., 2005). 

 

The application areas of SMAs can be broadly divided into two groups as medical and 

nonmedical applications. After the discovery of the shape memory effect in 1962 

(Buehler et al., 1963), one of the first applications of SMAs was in dentistry; first 

superelastic braces were made from nitinol (NiTi) (Andreasen, 1977; Andreasen and 
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Hilleman, 1971). It was not until after a surgical product, Mitek Anchor, was approved by 

the FDA in 1989 that SMA has become very popular in biomedical applications. The 

increase in its popularity has since been driven by their favorable properties such as 

corrosion resistance (Buehler and Wang, 1968), biocompatibility (Mantovani, 2000; 

Ryhänen et al., 1998), and physical properties that replicate those of human tissues and 

bones (Morgan, 2004). Many other applications in medicine included spinal implants 

(Vena et al., 2005; Wever et al., 2002; Sanders et al., 1993, 1994; Schmerling et al., 

1976), bone modeling (Kujala et al., 2002), artificial muscles (Machado and Savi, 2003), 

aneurysm repair (Uflacker and Robison, 2001; Kaufman et al., 2000), treatment of 

urinary continence (Tanaka et al., 1999), reconstructive and aesthetic surgery (Khouri and 

Brava, 2002), and surgical tools (Musialek 1998; Konh, 2015; ). Today, nonmedical 

applications of SMAs can be found in many disciplines including aerospace (Peng et al., 

2005; Roh et al., 2005; Prahlad and Chopra, 2001; Birman, 1997; Hartl and Lagoudas, 

2007), automotive (Williams et al., 2010; Zychowicz, 1992; Leary et al., 2013; Suzuki, 

1986; Brugger et al., 2006), and robotics (Fujita, 1989; Kuribayashi, 1989; Honma and 

Miwa, 1985; Simone et al., 2015). For instance, some examples of novel biologically 

inspired robotic systems using SMA actuators are Octopus arm (Cianchetti et al., 2014), 

Meshworm (Seok et al., 2013), and GoQBot (Lin et al., 2011) with some application (due 

to their silent and low-power operation) in marine science (Cho et al., 2008; Willy and 

Low, 2005; Morgansen et al., 2001; Triantafyllou and Triantafyllou, 1995). 

 

SMAs can recover from large strains due to crystallographic transformations between 

martensite and austenite phases as a function of stress and temperature. In the stress-free 

state SMAs have four transition temperatures:  Martensite finish temperature (𝑀𝑓), 

Martensite start temperature (𝑀𝑠), Austenite start temperature (𝐴𝑠), and Austenite finish 

temperature (𝐴𝑓).  It is assumed that there is no phase transformation within the 

temperature range 𝑀𝑠 < 𝑇 < 𝐴𝑠. Depending on the operating temperature of the material, 

phase transformations occur with changing temperature and loading. 

 

The mechanical behavior of SMAs can be classified into two categories: the shape 

memory effect and pseudoelastic effect. The shape memory effect refers to the material to 

remember its original shape after loading and unloading, and to return to the original 

shape upon heating. As can be seen from Figures 1a and 1b, at temperatures 
𝑇 < 𝐴𝑓, a residual strain remains upon unloading, and this residual strain can be 

recovered by heating the material above its austenite finish temperature. The 

pseudoelastic effect refers to the recovery of the strain experienced by the material during 

unloading resulting in a hysteresis loop. As can be seen in Figures 1c and 1d, for 

temperatures 𝑇 > 𝐴𝑓 the pseuodoelastic effect returns the material to its original shape as 

no residual strain remains upon unloading. A detailed description of the SMA mechanical 

behavior can be reviewed in Brinson (1993). 
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Figure 1 Representations of the shape memory effect: (a) 𝑇 < 𝐴𝑠, (b) 𝐴𝑠 < 𝑇 < 𝐴𝑓, and 

the pseudoelastic effect: (c) 𝑇 > 𝐴𝑓, (d) 𝑇 > 𝐴𝑓 and maximum loading exceeds the 

critical stress at which the material converts to 100% detwinned martensite when starting 

from 100% austenite. 

 

As in any material, reliable prediction of stress-strain data from a constitutive model is 

essential for the applications with SMAs. They affect the calculation of the forces and 

displacements inside the structure, and, therefore, the overall behaviour of the entire 

structural model depends on their accurate estimations. For instance, the applications that 

employ SMAs as actuators require the modelling effort in order to test a controller 

strategy and tune the controller parameters by means of simulations before implementing 

any hardware-in-the-loop testing. Proper representation of the plant to be controlled in a 

simulation environment becomes especially critical when time and cost are limiting 

factors. Therefore, the aims of this study were: 1) to quantify the effects of parameter 

uncertainty in the Brinson model on the prediction of stress-strain data over the range of 

simulated loading/unloading conditions; and 2) to investigate which model parameters 

are dominant in determining the output variability. A probabilistic approach is employed 

by representing the input parameters as probability distributions in order to estimate the 

distributions for the stress-strain data for a selected SMA. The results of the analysis 

systematically quantifies the sensitivity of the Brinson model to its parameters. 

  

(a) (b) 

(c) (d) 
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Brinson Model 

The Brinson model (Brinson, 1993), developed based on the previous work by Liang 

(1990) and Tanaka (1986), assumes an internal state variable for the martensite material 

fraction (ξ) that represents the percentage of the martensite formation. This fraction is a 

combination of purely temperature-induced martensite and martensite that has been 

transformed under stress. The total martensite fraction is expressed by: 

 

𝜉 = 𝜉𝑆 + 𝜉𝑇 (1) 

 

where 𝜉𝑆 is the fraction of the material that has been transformed into single martensitic 

variant, and 𝜉𝑇 is the temperature-induced martensite fraction. This separation of the 

martensite fraction allows the Brinson model to simulate the thermomechanical behavior 

of SMAs at temperatures below their martensite start temperature. The stress-strain 

relationship in the model is expressed by: 

 

𝜎 − 𝜎𝑜 =  𝐷(𝜉)𝜖 −  𝐷(𝜉𝑜)𝜖𝑜+ Ω(𝜉)𝜉𝑠 −  Ω(𝜉𝑜)𝜉𝑠𝑜 +  Ѳ(𝑇 − 𝑇𝑜) (2) 

 

where the function 𝐷(𝜉) is representative of the modulus of the SMA material, Ω(𝜉) is 

considered the transformation tensor, and Ѳ is related to the thermal coefficient of 

expansion for the SMA material, which is assumed to be constant, 𝜎 and 𝜖 are the stress 

and strain developed in the material, respectively. The initial conditions for stress, strain, 

martensite material fraction, and stress-induced martensite fraction are represented by 𝜎𝑜, 

𝜖𝑜,  𝜉𝑜, and 𝜉𝑠𝑜, respectively. The modulus and the transformation sensor are functions of 

the martensite fraction: 

𝐷(𝜉) =  𝐷𝑎 + 𝜉(𝐷𝑚 − 𝐷𝑎) 
 

(3) 

Ω(𝜉) = −𝜖𝐿𝐷(𝜉) (4) 

 

where 𝐷𝑚 is the modulus value for the SMA as 100% martensite, 𝐷𝑎 is the modulus 

value for the SMA as 100% austenite, and 𝜖𝐿 is the maximum residual strain that can be 

recovered, which is assumed to be a material constant (Perkins et al., 1975). The phase 

transformation equations for the Brinson model are provided below (Brinson, 1993): 

 
CONVERSION TO DETWINNED MARTENSITE  
 

for 𝑇 > 𝑀𝑠 and 𝜎𝑠
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠) < 𝜎 < 𝜎𝑓

𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠): 

𝜉𝑠 =
1 − 𝜉𝑠𝑜

2
cos {

𝜋

𝜎𝑠
𝑐𝑟 − 𝜎𝑓

𝑐𝑟 × [𝜎 − 𝜎𝑓
𝑐𝑟 − 𝑐𝑀(𝑇 − 𝑀𝑠)]} +

1 + 𝜉𝑠𝑜

2
 

(5a) 

𝜉𝑇 = 𝜉𝑇𝑂 −
𝜉𝑇𝑂

1 − 𝜉𝑠𝑜

(𝜉𝑠 − 𝜉𝑠𝑜) 
(5b) 
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for T< 𝑀𝑠 and 𝜎𝑠
𝑐𝑟 < 𝜎 < 𝜎𝑓

𝑐𝑟: 

𝜉𝑠 =
1 − 𝜉𝑠𝑜

2
cos [

𝜋

𝜎𝑠
𝑐𝑟 − 𝜎𝑓

𝑐𝑟 (𝜎 − 𝜎𝑓
𝑐𝑟)] +

1 + 𝜉𝑠𝑜

2
 

(5c) 

𝜉𝑇 = 𝜉𝑇𝑂 −
𝜉𝑇𝑂

1 − 𝜉𝑠𝑜

(𝜉𝑠 − 𝜉𝑠𝑜) +    △𝑇𝜉  
(5d) 

 

Where, if Mf<T<Ms and T<TO, 

△𝑇𝜉=
1−𝜉𝑇𝑂

2
{cos[𝑎𝑀(𝑇 − 𝑀𝑓)] + 1} (5e) 

 

Else, △𝑇𝜉= 0 
 

CONVERSION TO AUSTENITE 

for 𝑇 > 𝐴𝑠 and 𝐶𝐴(𝑇 − 𝐴𝑓) < 𝜎 < 𝐶𝐴(𝑇 − 𝐴𝑠):   

𝜉 =
𝜉𝑜

2
{cos [𝑎𝐴 (𝑇 − 𝐴𝑠 −

𝜎

𝐶𝐴
)] + 1} 

(6a) 

𝜉𝑠 = 𝜉𝑠𝑜 −
𝜉𝑠𝑜

𝜉𝑜

(𝜉𝑜 − 𝜉) 
(6b) 

𝜉𝑇 = 𝜉𝑇𝑂 −
𝜉𝑇𝑂

𝜉𝑜

(𝜉𝑜 − 𝜉)      
(6c) 

 

where 𝜉𝑇𝑂is the initial temperature-induced martensite fraction, 𝐶𝑀 and 𝐶𝐴 are the slopes 

of the transition inducing critical stress-temperature curve for austenite to martensite and 

martensite to austenite transformations, respectively. 𝜎𝑠
𝑐𝑟 and 𝜎𝑓

𝑐𝑟 are the critical 

transformation stresses for the martensite variants. Finally, the constants 𝑎𝑀 and 𝑎𝐴 are 

expressed by: 

𝑎𝑀 =
𝜋

𝑀𝑠 − 𝑀𝑓
,      𝑎𝐴 =

𝜋

𝐴𝑓 − 𝐴𝑠
. 

 

(7) 

Methods 

The strain values for Ni55Ti shape memory alloy were calculated based on simulated 

stress values using the one-dimensional Brinson model (Figure 2) (Brinson, 1993). The 

material properties for the alloy are listed in Table 1 (Dye, 1990; Liang, 1990). Five 

operating temperatures were specified based on the phase transformation temperatures of 

the material (Table 2). Except for the cases when 𝑇 < 𝑀𝑓 and 𝑀𝑓 < 𝑇 < 𝑀𝑠, all 

simulations were performed with initially 100% austenite, which corresponds to an initial 

martensite fraction of zero. At temperature  𝑇 < 𝑀𝑓, the material started as 100% 

martensite with a martensite fraction of one, and at 𝑀𝑓 < 𝑇 < 𝑀𝑠, the initial martensite 

fraction was calculated using Eqn. (5e) as 0.7690. Therefore, only initial nonzero 

martensite fraction was temperature-induced as a result of cooling from the parent 

austenite phase. Initial stress-induced martensite fraction were zero in all cases 

considered. 
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Figure 2 Uncertainties in the stress-strain curves as determined by the Brinson model 

were simulated using probabilistic analysis. The probabilistic inputs were (a) the 

parameters of the model with normal distribution. The outputs included (b) the 

distribution of the strain at simulated stress values at a given operating temperature, and 

(c) sensitivity indices of the stress-strain curves to the inputs. 

Table 1 Ni55Ti Properties (Dye, 1990; Liang 1990) 

Parameter Description Deterministic 

Value 

Unit 

T Operating temperature 5, 12, 20, 40, 60 °C 

Ѳ Represents the thermal coefficient of expansion  0.55  MPa/°C 

𝐷𝑎 Modulus value as 100% austenite 67,000  MPa 

𝐷𝑚 Modulus value as 100% martensite 26,300  MPa 

𝑀𝑓 Martensite finish temperature 9.0  °C 

𝑀𝑠 Martensite start temperature 18.4  °C 

𝐴𝑠 Austenite start temperature 34.5  °C 

𝐴𝑓 Austenite finish temperature 49.0  °C 

𝐶𝑀 Slope of the transition inducing critical stress-

temperature curve for austenite to martensite 

transformation 

8.0  MPa/°C 

𝐶𝐴 Slope of the transition inducing critical stress-

temperature curve for martensite to austenite 

transformation 

13.8  MPa/°C 

𝜎𝑠
𝑐𝑟 Critical transformation stress at the start of 

martensite variants 

100.0  MPa 

𝜎𝑓
𝑐𝑟 Critical transfomation stress at the finish of 

martensite variants 

170.0  MPa 

𝜖𝐿 Maximum residual strain that can be recovered 

upon heating 

0.067 - 

(b) Stress-Strain Curves 
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Table 2 Simulated Operating Temperatures 
T (°C) Description 

5 𝑇 < 𝑀𝑓  

12 𝑀𝑓 < 𝑇 < 𝑀𝑠  

20 𝑀𝑠 < 𝑇 < 𝐴𝑠  

40 𝐴𝑠 < 𝑇 < 𝐴𝑓   

60 𝑇 > 𝐴𝑓  

 

The uncertainty and sensitivity analysis included six cases. Five of these cases 

corresponded to the aforementioned operating temperatures with a maximum loading 

stress that was 50 MPa more than the critical transformation stress at the start of 

martensite variants —the effect of temperature on this critical stress was incorporated in 

the implementation of the model. The sixth case was added in order to observe the 

behaviour of the model when the material converts to 100% detwinned martensite when 

it initially started from 100% austenite. This last case was simulated at 60°C with a 

maximum loading stress of 550 MPa, which is more than the critical transformation stress 

at the start of martensite variants at 60°C. 

 

The sensitivity analysis was performed using the Fourier Amplitude Sensitivity Test 

(FAST) (Cukier et al., 1973, 1975, 1978; Pianosi et al., 2015). FAST is a variance-based 

sensitivity test that does not have any assumptions in terms of the model structure, and it 

is reliable for both monotonic and non-monotonic models. Its robustness for nonlinear 

models also makes it appropriate for the purposes of this study. It effectively considers 

the entire input space using a search curve that scans the multidimensional space of the 

input factors. FAST procedure estimates the resulting variance of the model output and 

the individual contributions of each input parameter, which enables estimation of the 

sensitivity index of each input independent from the remaining parameters. The 

procedure does not handle parameter correlations.  

Thirteen input parameters were included in this study: operating temperature (𝑇), thermal 

coefficient of expansion for the SMA material (Ѳ), the material moduli (𝐷𝑎 and 𝐷𝑚), 

critical transformation stresses (𝜎𝑓
𝑐𝑟and 𝜎𝑠

𝑐𝑟), martensite finish temperature (𝑀𝑓), 

martensite start temperature (𝑀𝑠), austenite start temperature (𝐴𝑠), austenite finish 

temperature (𝐴𝑓), the slopes of the transition inducing critical stress-temperature curves 

(𝐶𝑀, 𝐶𝐴), and maximum residual strain (𝜖𝐿). All parameters in the analysis were assumed 

to have a normal distribution with a coefficient of variation (COV) of 0.01. Higher COV 

values cause overlapping of the normal distributions assumed for some of the parameters 

tested (𝑀𝑓, 𝑀𝑠, 𝐴𝑠, 𝐴𝑓, 𝜎𝑓
𝑐𝑟and 𝜎𝑠

𝑐𝑟), which results in situations that violate the nature of 

the material and causes the constitutive equations to fail. The probability distributions 

used for the parameters are listed in Table 3. The deterministic values given in Table 1 

were taken as the mean value of the normal distribution of a particular parameter. As a 

result of the analysis, stress-dependent sensitivity indices at one MPa intervals were 

calculated for each case during loading and unloading. 
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The propagated uncertainty in the stress-strain curves due to input variability was 

determined by calculating the strain from the Brinson model with loading the material to 

a maximum stress value and then loading to the stress-free state of the material. 

 

Table 3 Probability distributions for the model parameters 

Parameter Distribution Value Unit 

T Normal 𝒩(5, 0.05),𝒩(12, 0.12), 

𝒩(20, 0.20), 𝒩(40, 0.40), 

𝒩(60, 0.60), 

°C 

Ѳ Normal 𝒩(0.55, 0.0055) MPa/°C 

𝐷𝑎 Normal 𝒩(67,000, 670) MPa 

𝐷𝑚 Normal 𝒩(26,300, 263) MPa 

𝑀𝑓 Normal 𝒩(9.0, 0.09)  °C 

𝑀𝑠 Normal 𝒩(18.4, 0.184)  °C 

𝐴𝑠 Normal 𝒩(34.5, 0.345)  °C 

𝐴𝑓 Normal 𝒩(49.0, 0.49)  °C 

𝐶𝑀 Normal 𝒩(8.0, 0.08)  MPa/°C 

𝐶𝐴 Normal 𝒩(13.8, 0.138)  MPa/°C 

𝜎𝑠
𝑐𝑟 Normal 𝒩(100.0, 1.0)  MPa 

𝜎𝑓
𝑐𝑟 Normal 𝒩(170.0, 1.7)  MPa 

𝜖𝐿 Normal 𝒩(0.067, 0.00067) - 

Results 

Probabilistic analysis demonstrated that small uncertainties introduced to the input 

parameters with a coefficient of variation of 0.01 resulted in significant variability in the 

strain values calculated at simulated stress values. The range of the values sampled from 

the corresponding normal distributions of the input parameters is shown by the parallel 

coordinate plot in Figure 3. The maximum variability in strain is summarized in Table 4 

with consideration given to the operating temperature. 

 

 
Figure 3 Parallel coordinate plot showing the limits of the parameters tested. (The limits 

for the temperature is shown for only 𝑇 = 60℃.) 
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Table 4 Maximum variability in strain over the entire stress-strain curve at an operating 

temperature 

Temperature, 𝑻 Max. Variability 

𝑇 < 𝑀𝑓 25-35% 

𝑀𝑓 < 𝑇 < 𝑀𝑠 29-42% 

𝑀𝑠 < 𝑇 < 𝐴𝑠 66-206% 

𝐴𝑠 < 𝑇 < 𝐴𝑓 71-254% 

𝑇 > 𝐴𝑓 75-306% 

Uncertainty Analysis 

The propagation of uncertainty in the parameters were determined by calculating 5-95% 

confidence intervals on the obtained stress-strain data (Figure 4). It was observed that the 

uncertainty in the model showed variation with operating temperature and loading region. 

When loading and unloading regions were compared, the linear loading regions revealed 

relatively low variability in strain. At the nonlinear loading regions (detwinning of 

martensite variants or transformation from austenite to martensite), the variability in 

strain started to grow at all operating temperatures simulated. The overall observed 

uncertainty increased with increasing operating temperature and maximum stress. 

 

As mentioned previously, two cases were considered at 60°C. The difference was that in 

one of the cases, the maximum loading stress was above the critical transition stress for 

martensite (Figure 4f). As can be seen from the figure, the observed tendency for 

amplified variability after loading is not present in this case. The variability at the 

nonlinear loading regions are the same for the same stress values in Figures 4e and 4f, but 

reaching the critical transition stress during loading decreases the variability band, which 

remains relatively low until the material returns back to its stress-free state. 

Sensitivity Analysis 

Sensitivity factors were used to analyse the effect of each parameter on the output of the 

Brinson model. Figure 5 shows the stress-dependent sensitivity index for each parameter 

at every stress value simulated with one-MPa increments. In order to observe the overall 

effect of each parameter, the average sensitivity index for each parameter across all 

simulated stress values was also calculated (Figure 6). There were no significant 

interaction effects between the parameters. 

 

It was observed that the sensitivity of the model to its parameters showed variation with 

changing operating temperature and loading region. The elastic moduli played an 

important role in determining the behaviour of the model especially in the linear loading 

region. In that region, depending on the initial martensitic or austenitic phase, the model 

was sensitive to either 𝐷𝑚 or 𝐷𝑎. An exception was for the case when 𝑀𝑓 < 𝑇 < 𝑀𝑠; at 

this temperature the material had a martensite fraction between 0 and 1, which caused the 

effective modulus to be a combination of 100% austenite and 100% martensite moduli.  
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Figure 4 Confidence intervals (5-95 percentile) at simulated temperatures and maximum 

loading stress (The black line represents the deterministic curve.): (a) 𝑇 = 5°C; 𝜎𝑚𝑎𝑥 =
150 MPa, (b) 𝑇 =12°C; 𝜎𝑚𝑎𝑥 = 150 MPa, (c) 𝑇 = 20°C; 𝜎𝑚𝑎𝑥 = 162 MPa, (d) 𝑇 =
 40°C; 𝜎𝑚𝑎𝑥 = 322 MPa, (e) 𝑇 = 60°C; 𝜎𝑚𝑎𝑥 = 482 MPa, and (f) 𝑇 = 60°C; 𝜎𝑚𝑎𝑥 =
550 MPa> 𝜎𝑓

𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠). 

(a) (b) 

(d) (c) 

(e) (f) 
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Figure 5 FAST stress-dependent sensitivity index distribution at simulated temperatures. 

Critical stress values are shown by vertical lines and include the following in the given 

order (when applicable): 𝜎𝑠
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠) with 𝐶𝑀 = 0 at 𝑇 < 𝑀𝑠; 𝜎𝑚𝑎𝑥; 𝜎𝑓

𝑐𝑟 +

𝐶𝑀(𝑇 − 𝑀𝑠); 𝐶𝐴(𝑇 − 𝐴𝑠); 𝐶𝐴(𝑇 − 𝐴𝑓).  

(a) (b) 

(d) (c) 

(f) (e) 
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Figure 6 FAST average sensitivity indices at simulated temperatures and maximum 

loading stress: (a) 𝑇 = 5°C; 𝜎𝑚𝑎𝑥 = 150 MPa, (b) 𝑇 = 12°C; 𝜎𝑚𝑎𝑥 = 150 MPa, (c) 𝑇 =
 20°C; 𝜎𝑚𝑎𝑥 = 162 MPa, (d) 𝑇 = 40°C; 𝜎𝑚𝑎𝑥 = 322 MPa, (e) 𝑇 = 60°C; 𝜎𝑚𝑎𝑥 = 482 

MPa, and (f) 𝑇 = 60°C; 𝜎𝑚𝑎𝑥 = 550 MPa> 𝜎𝑓
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠).  

(a) (b) 

(c) (d) 

(e) (f) 
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At the nonlinear loading region (detwinning of martensite variants or transformation from 

austenite to martensite), the dominant parameter was the temperature at all operating 

temperatures except when 𝑇 < 𝑀𝑠. For these operating temperatures (5°C and 12°C) , 

𝜎𝑓
𝑐𝑟and 𝜎𝑠

𝑐𝑟 were important, and that trend continued through unloading. While unloading 

at the remaining operating temperatures, the model became sensitive to the transition 

temperatures and 𝐶𝑀. The maximum residual strain (𝜖𝐿) became a dominant parameter 

when unloading at 60°C until the critical stress for austenite transition was reached. 

 

The results of the sensitivity analysis were verified by 1) Calculating the sensitivity 

indices with FAST by removing the uninfluential parameters from the analysis, and 2) 

Calculating the Sobol’s sensitivity indices with all variables presented in Table 3. The 

results of the FAST analysis were identical to the ones shown in Figure 5, and, therefore, 

are not repeated here. The Sobol’s indices are shown in Figure 7. It is observed that the 

main effects are in close agreement with the first-order indices obtained from the FAST 

sensitivity analysis. Additionally, the total effects confirm the observation that the higher-

order indices (interactions) do not play a significant role in explaining the variance of the 

output data. 

Discussion 

This study demonstrates the use of probabilistic modelling in quantifying the effect of 

input parameter variabilities on the stress-strain curve as predicted by the one-

dimensional Brinson model. This variability in the inputs significantly affects the 

prediction of the strain during loading and unloading of the material. Therefore, it is 

crucial to acquire a thorough understanding of which parameters are dominant in the 

process so that necessary feasible precautions may be taken when determining the model 

parameters with experimentation. The lack of this knowledge may lead to performance 

differences between the simulation of a model and its real-life implementation. 

Simulations using models are cost-effective design tools and expedite a product’s 

development cycle significantly. For instance, when SMAs are used for active control of 

a structure, simulations can be used to test control strategies and tune the controller gains 

offline. The reaction of the model to the uncertainties in its inputs, however, can cause 

misrepresentation of the real-life behaviour of the material, and, therefore, creates less 

than desired performance outcomes in implementation. This outcome may even be the 

instability of the overall structure. In the following paragraphs, we discuss the results 

obtained from the analysis and provide recommendation in order to effectively make use 

of the Brinson model in applications using SMAs. 
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Figure 7 Sobol’s average sensitivity indices at simulated temperatures and maximum 

loading stress: (a) 𝑇 = 5°C; 𝜎𝑚𝑎𝑥 = 150 MPa, (b) 𝑇 = 12°C; 𝜎𝑚𝑎𝑥 = 150 MPa, (c) 𝑇 =
 20°C; 𝜎𝑚𝑎𝑥 = 162 MPa, (d) 𝑇 = 40°C; 𝜎𝑚𝑎𝑥 = 322 MPa, (e) 𝑇 = 60°C; 𝜎𝑚𝑎𝑥 = 482 

MPa, and (f) 𝑇 = 60°C; 𝜎𝑚𝑎𝑥 = 550 MPa> 𝜎𝑓
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠).  

(a) (b) 

(c) (d) 

(e) (f) 
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The propagation of uncertainty was observed to change according to the operating 

temperatures and loading conditions. This is not surprising as the phase transformations 

in the SMAs are closely related to these variables. Therefore, the portions of the stress-

strain curves with an associated phase transformation during loading amplifies the 

propagated uncertainty. The linear portions of the loading do not amplify the variability 

as compared to the nonlinear portions. The most variability in strain was observed during 

unloading after the phase transformation region except for the case when the material was 

converted to 100% martensite after starting from 100% austenite, which showed 

somewhat controlled variability. This is probably due to the overall low variability in the 

linear regions (both loading and unloading). In the linear regions, phase changes do not 

occur and the model’s treatment of these regions relies on less number of parameters as 

compared to the nonlinear regions when phase transformations occur. 

 

The sensitivity to 𝐷𝑚 at temperatures below 𝑀𝑓 can be readily explained by the material 

being in the fully martensitic phase and the slope of the linear loading curve is governed 

only by 𝐷𝑚. At any temperature above 𝑀𝑓, the material is cooled down from the parent 

austenitic phase and, therefore, the martensite fraction is less than one. The Brinson 

model calculates the elastic modulus of the material at any temperature based on Eqn. (3) 

that includes both the martensitic and austenitic material properties. As a result, 𝐷𝑎 

gradually becomes an important parameter especially during the loading and unloading as 

the martensite fraction decreases. Especially, at temperatures 𝑀𝑠 < 𝑇, the model’s 

assumption of no phase transformation between 𝑀𝑠 < 𝑇 < 𝐴𝑠 is applicable and 𝐷𝑎 is an 

important parameter as the material is in the austenitic phase. This is observed especially 

at the linear regions of loading. At temperatures above 𝐴𝑓, exhibiting pseudoelastic 

behavior, the material starts as austenite and transforms fully back to the same parent 

phase upon unloading; during the stages at which the material is fully austenite, 𝐷𝑎 

continues to remain a dominant parameter. Additionally, for temperatures 𝑇 < 𝐴𝑠, 

𝜎𝑓
𝑐𝑟and 𝜎𝑠

𝑐𝑟 plays an important role as the phase transformations are defined based on 

these parameters and the calculation of the martensite fraction is highly dependent on 

their values. For higher temperatures, however, these parameters gradually becomes 

unimportant as the calculation of martensite fraction is not dependent on the values of the 

critical stresses. When the material is loaded beyond the critical transformation stress at 

the finish of martensite variants (𝜎𝑓
𝑐𝑟) at temperatures above 𝐴𝑓, the parent austenite 

phase is completely transformed into detwinned martensite, which results in the highest 

value of the stress-induced martensite fraction at a temperature that had no martensite 

formation before loading. This causes the transformation tensor to play an important role 

while calculating stress-strain stress curves and the maximum residual strain 𝜖𝐿 becomes 

dominant as can be observed from Eqn. (4). The model appears to be sensitive the 

temperature at all simulated cases except for 𝑇 < 𝑀𝑓. The reason is that the calculation of 

the martensite fraction during phase transformations and in Eqn. (2) does not involve the 

temperature during isothermal loading and unloading. Finally, 𝑀𝑠 is dominant only when 

the operating temperatures are between 𝑀𝑠 < 𝑇 < 𝐴𝑠 as martensite fraction calcualtions 

in the model include this paremeter as a direct input. 
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The effect of operating temperature on the variability of outputs was also observed. A 

general tendency is that the variability in the calculated strain values increases with 

increasing operating temperature. The reason can be attributed to the temperature range 

within which phase transformations take place.  For instance, when 𝑇 < 𝐴𝑠, the reverse 

transformation from martensite to austenite does not take place and the resulting 

variability is less than the operating temperatures that are above austenite start 

temperature. 

 

The stress-dependent sensitivity indices are especially beneficial when dissecting the 

dependency of the Brinson model on specific parameters at any stage of the loading and 

unloading. The initial linear loading stage appears to be most sensitive to the 100% 

austenite (𝐷𝑎) and 100% martensite (𝐷𝑚) moduli of the SMA. When the operating 

temperature is below martensite finish, the model is most sensitive to 𝐷𝑚 as the stress-

strain relationship (at isothermal loading) is dominated with this value. When initially 

fully austenite, however, 𝐷𝑎 becomes the dominant parameter as the martensite fraction 

is zero at this stage. The only case that had the material in a mixed state (𝑇 = 12℃), we 

observed a decrease in the sensitivity of the model to these moduli. Instead, martensite 

start and finish temperatures along with the operating temperature become important. 

This can be attributed to the fact that the calculation of the martensite fraction is 

dependent on these variables, and it is the martensite fraction that defines the contribution 

of the material moduli to the stress-strain calculation in this linear region. During the 

phase transformations upon loading critical transition stresses are important at 

temperatures below austenite finish temperature. Their effect is more prominent for the 

temperatures below martensite start. Above martensite start temperature, the sensitivity of 

the model to temperature starts to become noticeable and that effect continues upon 

unloading. 

 

An interesting finding is the relatively small variability in the case when the material is 

allowed to convert from 100% austenite to 100% martensite at a temperature above the 

austenite finish temperature. It is observed that the strain values calculated during the 

formation of the detwinned martensite for all simulated samples come closer to each 

other after the stress value exceeds the critical stress for martensite finish (after the effect 

of the temperature is incorporated). Followed by a non-transition region, the variability 

remains low as compared to the same region of the curve at the same operating 

temperature and when the max stress is below 𝜎𝑓
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠). Therefore, the 

variability in the parameters propagate in a more controlled manner when the material, at 

temperatures above the austenite finish temperature, is allowed to convert to full 

martensite before unloading. Although not presented here, the same tendency was 

observed for all operating temperatures. This can be interpreted as, in the Brinson model, 

the pseudoelastic behavior of SMAs introduces low output variability when they are 

loaded above 𝜎𝑓
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠) before unloading. This case was the only one that 

maximum residual strain became a moderately effective factor in the sensitivity analysis. 

 

Based on the results discussed herein, Table 5 presents the most dominant parameters that 

affect the variability in the strain values as determined by the Brinson model based on the 

SMA behaviour (pseudoelastic and shape memory effects) in different temperature 
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ranges.  Depending on the application, pseudoelastic effect may be utilized to apply 

constant stress after even large strains. The shape memory effect, on the other hand, is 

mainly used for actuation by means of recovering the strain due to loading via joule 

heating or using any other type of heat source. For SMA models that utilize this model, 

we recommend the resources to be directed towards measuring the material moduli (𝐷𝑎 

and 𝐷𝑚), critical transformation stresses (𝜎𝑓
𝑐𝑟and 𝜎𝑠

𝑐𝑟), martensite start temperature (𝑀𝑠), 

operating temperature (𝑇), and maximum residual strain (𝜖𝐿) with least possible 

uncertainty as they prescribe the range of variability in the stress-strain curve obtained 

from the model. The thermal coefficient of expansion for the SMA material (Ѳ), 

martensite finish temperature (𝑀𝑓), austenite start temperature (𝐴𝑠), austenite finish 

temperature (𝐴𝑓), and the slopes of the transition inducing critical stress-temperature 

curves (𝐶𝑀, 𝐶𝐴) did not contribute to the variability in the stress-strain curve. These 

parameters, as described in the manuscript, are: the material moduli (𝐷𝑎 and 𝐷𝑚), critical 

transformation stresses (𝜎𝑓
𝑐𝑟and 𝜎𝑠

𝑐𝑟), martensite start temperature (𝑀𝑠), operating 

temperature (𝑇), and maximum residual strain (𝜖𝐿). 

 

It should be noted that parameter correlations were not a limiting factor for the current 

study. Only potential source of correlation is that the 𝐶𝑀 and  𝐶𝐴 relate the critical stresses 

and temperature. However, neither of these parameters are influential parameters at any 

of the six cases simulated. The temperature and critical stress values were not observed to 

emerge as influential parameters simultaneously in five out of the six cases simulated. 

Finally, the lack of experimental data for the determination of these parameters prohibits 

the establishment of potential correlations. 

 

Table 5 Dominant parameters by operating temperature 

Temperature, 𝑻 SMA Behavior Parameter 

𝑇 < 𝑀𝑓 

Shape Memory 

Effect 

𝐷𝑚, 𝜎𝑓
𝑐𝑟, 𝜎𝑠

𝑐𝑟 

𝑀𝑓 < 𝑇 < 𝑀𝑠 𝜎𝑓
𝑐𝑟, 𝜎𝑠

𝑐𝑟, 𝑇 

𝑀𝑠 < 𝑇 < 𝐴𝑠 𝐷𝑎, 𝑀𝑠, 𝑇 

𝐴𝑠 < 𝑇 < 𝐴𝑓 𝐷𝑎, 𝑇 

𝑇 > 𝐴𝑓 and 𝜎𝑚𝑎𝑥 < 𝜎𝑓
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠) Pseudoelastic 

Effect 

𝐷𝑎, 𝑇 

𝑇 > 𝐴𝑓 and 𝜎𝑚𝑎𝑥 > 𝜎𝑓
𝑐𝑟 + 𝐶𝑀(𝑇 − 𝑀𝑠) 𝐷𝑎, 𝑇, 𝜖𝐿 

 

Conclusion 

This study employed a probabilistic approach for identifying how uncertainties in the 

input parameters of the Brinson model affect its output. The sensitivity analyses provide a 

tool to investigate the key input parameters so that resources can be directed towards 

reducing their variability, and, therefore, increasing the reliability of the model-predicted 

data. This treatment is important in order to create simulations that accurately represent 

the real-life behaviour of the material in related applications. As a result of the analysis, 

as presented by the current study, specific recommendations can be made as to which 

parameters are dominant in prescribing the variability in the model output. The 
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systematic approach employed herein can be applied to any model developed for other 

intelligent materials.  
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