
SINGULARITIES OF THE SECANT VARIETY
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Abstract. We give positivity conditions on the embedding of a smooth va-

riety which guarantee the normality of the secant variety, generalizing earlier

results of the author and others. We also give classes of secant varieties satisfy-
ing the Hodge conjecture as well as a result on the singular locus of degenerate

secant varieties.

1. Introduction

We work throughout over the field C of complex numbers. Our starting point
is the following corollary of a result [B1, 1.1] of A. Bertram for complete linear
systems and [C] of M. Coppens in general:

Theorem 1.1. [Ve2, 3.2] If X ⊂ Pn is a (2k−1)-very ample embedding of a smooth
curve, then Seck−1X is normal and Seck−1X \ Seck−2X is smooth.

For g = 1 this has been reproved in [vBH, 8.15-8.16] and in [F] where it is
further shown that the secant varieties are arithmetically Gorenstein. Theorem 1.1
was extended in [Ve1, 3.10] to:

Proposition 1.2. Let X ⊂ Pn be a smooth projective variety satisfying K2. If the
embedding is 3-very ample, then SecX is normal and SecX is smooth off X.

Recall that a variety X ⊂ Pn satisfies K2 if it is scheme-theoretically cut out
by quadrics and the Koszul relations among the quadrics are generated by linear
syzygies, and that an embedding is k-very ample if every subscheme of X of length
k + 1 spans a Pk ⊂ Pn. Condition K2 is implied by the much better known
condition N2, where the embedding is projectively normal, the ideal is generated
by quadrics, and all relations are generated by linear syzygies. The connection
between Theorem 1.1 and Proposition 1.2 is that on a smooth curve, a line bundle
of degree 2g + 3 induces a 3-very ample embedding that satisfies N2 [Gr]. It is
typically easier to verify 3-very ampleness than it is to verify K2. Conversely, many
standard embeddings (e.g. Veronese, Segre, Plücker) satisfy K2, but are not 3-very
ample. For example, in [LW], results analogous to Proposition 1.2 are shown for
some products of projective spaces, which satisfy K2 but not the 3-very ample
hypothesis:

Theorem 1.3. [LW, 1.1,1.2] If X is the Segre embedding of P1×Pa×Pb, then Secr X
is normal with rational singularities for all r ≥ 1. If X is the Segre embedding of
Pa × Pb × Pc × Pd, then SecX is arithmetically Cohen-Macaulay. 2
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Here we separate the two conditions in Proposition 1.2 and give a result (Theo-
rem 2.2) absorbing the first stage of the results above.

We make use of the following elementary, and probably well-known, result:

Lemma 1.4. Let f : X → Y be a proper surjective morphism of irreducible va-
rieties over an algebraically closed field k with reduced, connected fibers. If X is
normal then Y is normal.

Proof:
Because X is normal, f factors uniquely through the normalization Ỹ of Y :

X

f ��?
??

??
??

?
f̃ // Ỹ

g

��
Y

where g is a finite, hence proper, morphism. The properness of f and g implies that
f̃ is proper ([H, II.4.8.e]), hence its image is closed in Ỹ . Surjectivity of f implies
that dim Im(f̃) = dim Y = dim Ỹ , and so f̃ is surjective. Because f has reduced,
connected fibers, g does also, and so as g is finite the fibers of g are reduced points.

2

2. Results

2.1. Construction of the Secant Varieties. For X ⊂ Pn a projective variety,
we recall a construction from [Ve1] describing a vector bundle E k

OX(1) on HkX =

Hilbk(X) and a morphism

PHkX

(
E k

OX(1)

)
→ Pn

whose image is the full (k − 1)st secant variety to X in Pn.
Let L be an invertible sheaf on X, and denote by Dk the universal subscheme of

X ×HkX. Let π : X ×HkX → X and π2 : X ×HkX → HkX be the projections.
Form the invertible sheaf ODk

⊗ π∗L on Dk ⊂ X ×HkX. Now π2|Dk
: Dk → HkX

is flat of degree k, hence E k
L = (π2)∗(ODk

⊗π∗L) is a locally free sheaf of rank k on
HkX. We define the full (k − 1)st secant bundle of X with respect to L to
be the Pk−1-bundle Bk−1(L) = PHkX(E k

L ).
Suppose V ⊆ Γ(X,L) is a (k−1)-very ample linear system. To define the desired

map to P(V ), push the natural restriction π∗L→ ODk
⊗ π∗L down to HkX giving

an evaluation map H0(X,L) ⊗ OHkX → E k
L which in turn for any linear system

V ⊆ H0(X,L) restricts to V ⊗ OHkX → E k
L . A fiber of E k

L over a point Z ∈ HkX
is H0(X,L ⊗ OZ), so since V is (k − 1)-very ample this map is surjective and we
obtain a morphism:

βk−1 : Bk−1(L)→ P(V )×HkX → P(V )

The image of this morphism is the full (k − 1)st secant variety to X in P(V ).
Note that as long as V is r − 1-very ample, βr−2 restricts to βr−2 : Dr−1 → X.

Note that as the Hilbert scheme may have several components (e.g. [I]), this is
not just the closure of the locus spanned by distinct points. The usual (k − 1)st
secant variety Seck−1X is obtained by restricting to the component of the Hilbert
scheme containing the points corresponding to reduced subschemes. For the rest
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of this paper, when we refer to βk, we mean the restriction of the βk constructed
above to the bundle on this component of the Hilbert scheme.

Remark 2.1 Combining this construction with the motivic invariant constructed
in [A], we obtain the following collection of secant varieties which satisfy the (gen-
eralized) Hodge conjecture. All of the results are obtained via computation of the
invariant on Hilbert schemes.

(1) Let X ⊂ Pn be a smooth surface with pg = 0. Then SecX satisfies the
generalized Hodge conjecture.

(2) Let X ⊂ Pn be a smooth curve of genus at most 2 embedded by a line
bundle of degree at least 2g + k. Then Seck X satisfies the generalized
Hodge conjecture.

(3) Let X ⊂ Pn be a smooth curve of genus 3 embedded by a line bundle of
degree at least 2g + k. Then Seck X satisfies the Hodge Conjecture.

(4) Let X ⊂ Pn be a smooth curve. Then SecX satisfies the generalized
Hodge Conjecture. If the embedding is 2-very ample then Sec2X satisfies
the Hodge Conjecture. 2

As another consequence of the above construction, we have:

Theorem 2.2. Let X ⊂ Pn be a smooth projective variety. If the embedding is
3-very ample then SecX is normal and SecX is smooth off X. If the embedding
satisfies K2 then SecX is normal.

We discuss smoothness of the secant variety for embeddings satisfying K2 but
which are not 3-very ample below (Theorem 2.10).

Proof:(of Theorem 2.2) Suppose the embedding is 3-very ample. Then this implies
that the restriction β1 : B1(L) \ D → SecX \ X is an isomorphism since, by the
above construction, β1 separates secant and tangent lines off of X. Therefore SecX
is smooth off X. Because, in particular, the embedding is 2-very ample, we have
the restriction β1 : D2 → X. Since D2 = Bl∆ (X ×X) (e.g. [Go]), we see that if
x ∈ X then β−1

1 (x) = BlxX. Thus SecX is normal by Lemma 1.4.
Suppose the embedding satisfies K2, and let x ∈ SecX \X. By [Ve1], x lies in a

unique linear Pk spanned by a quadric hypersurface and the scheme-theoretic fiber
is β−1

1 (x) = Pk−1. If x ∈ X, then β−1
1 (x) = BlLX where L is the largest linear

space in X containing x. Thus SecX is normal by Lemma 1.4. 2

An obvious problem in attempting to extend Theorem 1.1 to varieties of larger
dimension is the fact that Hilbr X is singular whenever both r > 3 and dimX > 2.
However, we can give:

Proposition 2.3. Let X ⊂ Pn be a (2k − 1)-very ample embedding of a smooth
projective variety. Then Seck−1X is smooth away from Seck−2X.

Proof: By the (2k−1)-very ample hypothesis, βk−1 separates k-secant Pk−1s away
from Seck−2X, hence is an isomorphism away from β−1

k−1

(
Seck−2X

)
. Therefore

Seck−1X is smooth away from Seck−2X. 2
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2.2. Deficient Secant Varieties. For varieties that satisfy K2, the deficiency of
the secant variety is nicely tied to the geometry of the embedding:

Proposition 2.4. [Ve1, 3.12] Suppose X ⊂ Pn is a smooth, irreducible variety
satisfying condition K2. Then dim(SecX) = 2 dim(X) + 1 − r, where the generic
pair of points of X lies on a quadric hypersurface of (maximal) dimension r. 2

We are interested in the following class of varieties

Definition 2.5. A projective variety X ⊂ Pn is covered by r-conics if every
length two subscheme of X lies on a quadric hypersurface of dimension r, and no
length two subscheme of X lies on a quadric hypersurface of dimension r + 1.

Example 2.6 Non-degenerate curves C ⊂ Pn, n > 2, are covered by 0-conics.
v2(Pn) ⊂ PN , n ≥ 1, is covered by 1-conics, while vk(Pn) ⊂ PN , n ≥ 1, k > 2, is
covered by 0-conics.

Other simple examples are given by the Severi varieties [LV]: v2(P2) ⊂ P5 is
covered by 1-conics (as above); σ1,1(P2×P2) ⊂ P8 is covered by 2-conics; G(1, 5) ⊂
P14 is covered by 4-conics; and OP2 ⊂ P26 is covered by 8-conics. 2

Remark 2.7 Note that this is a strengthening of the condition that X is a quadratic
entry locus (QEL) variety [IR],[IR2],[R],[Fu], where the condition in Definition 2.5
is weakened to hold for general points and without restrictions on the dimension of
the quadrics. 2

Given a linearly normal variety X ⊂ Pn satisfying K2 and covered by r-conics,
we may construct the secant variety SecX ⊂ Pn as follows: Let H ⊂ Hilb(X) be the
component of the Hilbert scheme parameterizing quadric hypersurfaces of dimen-
sion r and letD ⊂ X×H be the universal subscheme. Then PH ((π2)∗ (OD ⊗ π∗1OX(1)))
is a secant bundle on H (which is in some sense compatible with the secant bun-
dle constructed earlier). Pushing the restriction π∗1OX(1) → OD ⊗ π∗1OX(1) to H

gives the surjection Γ(X,OX(1))⊗OH → (π2)∗ (OD ⊗ π∗1OX(1)). This induces the
morphism

PH ((π2)∗ (OD ⊗ π∗1OX(1)))→ PΓ(X,OX(1))×H→ PΓ(X,OX(1))

whose image is the secant variety.
If X ⊂ Pn is a smooth variety satisfying K2, then the morphism ϕ : BlX Pn =

X̃ → Ps determined by OX̃(2H−E) is an embedding off S̃ecX [Ve1, 2.11]. Further,
we have:

Proposition 2.8. Suppose X ⊂ Pn is a smooth, irreducible, non-degenerate va-
riety satisfying condition K2. If X is covered by r-conics then the restriction
ϕ : S̃ecX → Ps is a Pr+1-bundle over the component H of the Hilbert scheme
of X parameterizing conic hypersurfaces of dimension r. Further, the exceptional
locus of π : S̃ecX → SecX is the universal subscheme of X ×H.

Proof: This follows exactly as in §3 of [Ve1] using the description of the secant
variety above. In particular, S̃ecX = PH

(
ϕ∗OS̃ec X

(H)
)

. 2

Example 2.9 Some interesting special cases are:
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(1) In case r = 0, S̃ecX is a P1-bundle over Hilb2X [Ve1, 3.9].
(2) When X = v2(Pn), S̃ecX is a P2-bundle over G(1, n) [Ve1, 4.14] (note that

when n = 2, this is
(
P2
)∗).

(3) When X = σ1,1

(
P2 × P2

)
⊂ P8, S̃ecX is a P3-bundle over

(
P2
)∗ × (P2

)∗.
(4) When X = G(1, 5) ⊂ P14, S̃ecX is a P5-bundle over G(3, 5).

2

In general, we do not know how to determine when H is smooth, except that
it is easy to check that if Q ⊂ X a quadric hypersurface, then H1(Q,T 1

X ⊗ OQ) =
H1(Q,NQ/X).

By our hypothesis that X ⊂ Pn is covered by r-conics, the Hilbert functor of
dimension r conics on X is a subfunctor of the projective Grassmannian functor on
Pn represented by G(r + 1, n). As the universal subscheme of Pn × G(r + 1, n) is
the tautological Pr+1-bundle over G(r + 1, n), this says that H ↪→ G(r + 1, n) and
that the universal subscheme of X ×H is a conic bundle over H of dimension r.
Again, for r = 0 this is [Ve1, §3].

Corollary 2.10. Suppose X ⊂ Pn is a smooth, irreducible, non-degenerate variety
satisfying condition K2 that is covered by r-conics. If H is smooth, then S̃ecX is
smooth, hence SecX is smooth off X. 2
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