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Abstract. We show how to use information about the equations defining
secant varieties to smooth projective varieties in order to construct a natural
collection of birational transformations. Thesewere first constructed as flips
in the case of curves by M. Thaddeus via Geometric Invariant Theory, and
the first flip in the sequence was constructed by the author for varieties of
arbitrary dimension in an earlier paper. We expose the finer structure of a
second flip; again for varieties of arbitrary dimension.We also prove a result
on the cubic generation of the secant variety and give some conjectures on
the behavior of equations defining the higher secant varieties.

Mathematics Subject Classification (1991):14E05

1. Introduction

In this paper we continue the geometric construction of a sequence of flips
associated to an embedded projective variety begun in [V2]. We give hy-
pothesesunderwhich this sequenceof flipsexists, andstatesomeconjectures
on how positive a line bundle on a curvemust be to satisfy these hypotheses.
These conjectures deal with the degrees of forms defining various secant
varieties to curves and seem interesting outside of the context of the flip
construction.

Asmotivation,wehave thework of A. BertramandM. Thaddeus. In [T1]
this sequence of flips is constructed in the case of smooth curves via GIT,
in the context of the moduli space of rank two vector bundles on a smooth
curve. An understanding of this as a sequence of log flips is given in [B3],
and further examples of sequences of flips of this type, again constructed
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via GIT, are given in [T2],[T3]. Our construction, however, does not use the
tools of Geometric Invariant Theory and is closer in spirit to [B1],[B2].

In Sect. 2, we review the constructions in [B1] and [T1] and describe the
relevant results from [V2]. In Sect. 3 we discuss the generation ofSecX
by cubics. In particular, we show (Theorem 3.2) that large embeddings
of varieties have secant varieties that are at least set theoretically defined
by cubics. We also offer some general conjectures and suggestions in this
direction for the generation of higher secant varieties.

The construction of the new flips is somewhat more involved than that of
the first in [V2]. We give a general construction of a sequence of birational
transformations inSect. 4, andwedescribe in detail the second flip inSect. 5.

We mention that some of the consequences of these constructions and
this point of view are worked out in [V3].

Notation. We will decorate a projective varietyX as follows:Xd is the

dth cartesian product ofX; SdX is SymdX = Xd
/Sd, thed

th symmetric
product ofX; andHdX isHilbd(X), the Hilbert Scheme of zero dimen-
sional subschemes ofX of lengthd. Recall (Cf. [Go]) that ifX is a smooth
projective variety thenHdX is also projective, and is smooth if and only if
eitherdim X ≤ 2 or d ≤ 3.

Write Sec�kX for the (complete) variety ofk-secant�-planes toX. As
this notation can become cluttered, we simply writeSec�X for Sec��+1X

andSecX for Sec12X. Note also the conventionSec0X = X. If V is a
k-vector space, we denote byP(V ) the space of 1-dimensional quotients
of V . Unless otherwise stated, we work throughout over the fieldk = C
of complex numbers. We use the terms locally free sheaf (resp. invertible
sheaf) and vector bundle (resp. line bundle) interchangeably. Recall that a
line bundleL onX is nef if L.C ≥ 0 for every irreducible curveC ⊂ X.
A line bundleL is big if L⊗n induces a birational map for alln � 0.

Acknowledgements.I would like to thank Aaron Bertram, Sheldon Katz, Zhenbo Qin, and
Jonathan Wahl for their helpful conversations and communications.

2. Overview of stable pairs and the geometry of SecX

Fix a line bundleΛ on a fixed smooth curveX, and denote byM(2, Λ)
the moduli space of semi-stable rank two vector bundlesE with ∧2E = Λ.
There is a natural rational map, theSerre Correspondence

Φ : P(Γ (X,KX ⊗ Λ)∗) ��� M(2, Λ)

given by the dualityExt1(Λ,O) ∼= H1(X,Λ−1) ∼= H0(X,KX ⊗ Λ)∗,
taking an extension class0 → O → E → Λ → 0 to E. One has an
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embeddingX ↪→ P(Γ (X,KX ⊗ Λ)∗) (at least in the cased = c1(Λ) ≥ 3)
andΦ, defined only for semi-stableE, is a morphism offSeckX where
k =

[
d−1
2

]
[B2]. This map is resolved in [B1] by first blowing up along

X, then along the proper transform ofSecX, then along the transform of
Sec2X and so on until we have a morphism toM(2, Λ).

A different approach is taken in [T1]. There, for a fixed smooth curve
X of genus at least2 and a fixed line bundleΛ, the moduli problem of
semi-stable pairs(E, s) consisting of a rank two bundleE with ∧2E = Λ,
and a sections ∈ Γ (X,E)−{0}, is considered. This, in turn, is interpreted
as a GIT problem, and by varying the linearization of the group action,
a collection of (smooth) moduli spacesM1,M2, . . . ,Mk (k as above) is
constructed. As stability is an open condition, these spaces are birational.
In fact, they are isomorphic in codimension one, and may be linked via a
diagram
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��
��

���
��

��
��
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��

��
��

���
��

��
��

� M̃k
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��
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��

��
��

�

M1 M2 · · · Mk

where there is a morphismMk → M(2, Λ). The relevant observations are
first that this is a diagram of flips (in fact it is shown in [B3] that it is a
sequence of log flips) where the ample cone of eachMi is known. Second,
M1 is the blow up ofP(Γ (X,KX ⊗ Λ)∗) alongX, M̃2 is the blow up of
M1 along the proper transform of the secant variety, and all of the flips can
be seen as blowing up and down various higher secant varieties. Finally, the
Mi are isomorphic off loci which are projective bundles over appropriate
symmetric products ofX.

Our approach is as follows: The sequence of flips in Thaddeus’ construc-
tion canbe realizedasa sequenceof geometric constructions dependingonly
on the embedding ofX ⊂ Pn. An advantage of this approach is that the
smooth curveX can be replaced by any smooth variety. Even in the curve
case, our approach applies to situations where Thaddeus’ construction does
not hold (e.g. for canonical curves withCliffX > 2). In [V2], we show how
to construct the first flip using only information about the syzygies among
the equations defining the varietyX ⊂ Pn. We summarize this construction
here.

Definition 2.1. Let X be a subscheme ofPn. The pair (X,Fi) satisfies
condition(Kd) if X is scheme theoretically cut out by formsF0, . . . , Fs
of degreed such that the trivial (or Koszul) relations among theFi are
generated by linear syzygies.

We say(X,V ) satisfies(Kd) for V ⊆ H0(Pn,O(d)) if V is spanned by
formsFi satisfying the above condition. We say simplyX satisfies(Kd) if
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there exists a set{Fi} such that(X,Fi) satisfies(Kd), and if the discussion
depends only on the existence of such a set, not on the choice of a particular
set.

As (K2) is a weakening of Green’s property(N2)[G], examples of vari-
eties satisfying(K2) include smooth curves embedded by complete linear
systems of degree at least2g + 3, canonical curves withCliffX ≥ 3, and
sufficiently large embeddings of arbitrary projective varieties.

To any projective varietyX ⊂ Ps0 defined (as a scheme) by forms
F0, . . . , Fs1 of degreed, there is an associated rational mapϕ : Ps0 ��� Ps1

defined off the common zero locus of theFi, i.e. offX. This map may be
resolved to a morphism̃ϕ : P̃s0 → Ps1 by blowing upPn alongX, or
equivalently by projecting from the closure of the graphΓϕ ⊂ Ps0 × Ps1 .
We have the following results on the structure ofϕ̃:

Theorem 2.2. [V2, 2.4-2.10] Let(X,Fi)beapair that satisfies(Kd). Then:

1. ϕ : Ps0 \X → Ps1 is an embedding off ofSec1dX, the variety ofd-secant
lines.

2. The projection of a positive dimensional fiber ofϕ̃ to Ps0 is either con-
tained in a linear subspace ofX or is a linear space intersectingX in
a d-tic hypersurface.

If, furthermore,X does not contain a line theñϕ is an embedding off the
proper transform ofSec1dX. ✷

Theorem 2.3. [V2, 3.8] Let (X,V ) satisfy(K2) and assumeX ⊂ Ps0 is
smooth, irreducible, contains no lines and contains no quadrics. Then:

1. The image of̃SecX = S̃ec12X underϕ̃ isH2X.
2. E = ϕ̃∗(OS̃ecX

(H)) is a rank two vector bundle onH2X, where
O

P̃s0 (H) is the proper transform of the hyperplane section onPs0 .

3. ϕ̃ : S̃ecX → H2X is theP1-bundlePH2XE → H2X. ✷

This implies S̃ecX, and henceM̃2 = Bl
S̃ecX

(P̃s0), are smooth. To

complete the flip, we construct a base point free linear system onM̃2, and

takeM2 to be the image of the associated morphism. Denoting̃SecX =
P(E), the sheafF = ϕ̃∗(N∗

P(E)/P̃s0
⊗ OP(E)(−1)) is locally free of rank

n− 2 dimX − 1 onH2X. WriteP(F) = PH2X(F) and renamẽϕ asϕ̃1
+:

Theorem 2.4. [V2, 4.13] Let(X,V ) satisfy(K2) and assumeX ⊂ Ps0 is
smooth, irreducible, contains no lines and contains no plane quadrics. Then
there is a flip as pictured below with:

1. P̃s0 , M̃2, andM2 smooth
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2. P̃s0 \P(E) ∼= M2\P(F), hence ifcodim(P(E), P̃s0) ≥ 2 thenPic P̃s0 ∼=
PicM2

3. h1 is the blow up ofM2 alongP(F)
4. π is the blow up of̃Ps0 alongP(E)
5. ϕ̃1

−, induced byOM2(2H − E), is an embedding off ofP(F), and the
restriction ofϕ̃1

− is the projectionP(F) → H2X
6. ϕ̃1

+, induced byO
P̃s0 (2H − E), is an embedding off ofP(E), and the

restriction ofϕ̃1
+ is the projectionP(E) → H2X
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To continue this process following Thaddeus, we need to construct a
birational morphism̃ϕ2

+ : M2 → Ps2 which contracts the transforms of
3-secant2-planes to points, and is an embedding off their union. The natural
candidate is the map induced by the linear systemOM2(3H − 2E). We
discuss two different reasons for this choice that will guide the construction
of the entire sequence of flips. Sect. 3 addresses the question of when this
system is globally generated. Note that we abuse notation throughout and
identify line bundles via the isomorphismPic P̃s0 ∼= PicMk.

The first reason is quite naive: Just as quadrics collapse secant lines
because their restriction to such a line is a quadric hypersurface, so too do
cubics vanishing twice on a variety collapse every3-secantP2 because they
vanish on a cubic hypersurface in such a plane. Similarly, to collapse the
transform of eachk + 1-secantPk via a morphism̃ϕk

+ : Mk → Psk , the
natural system isOMk

((k + 1)H − kE).
Another reason is found by studying the ample cones of theMi. Note that

the ample cone oñPs0(= M1) is bounded by the line bundlesOP̃s0 (H) and
O

P̃s0 (2H −E). Both of these bundles are globally generated, and by The-
orems 2.2 and 2.3, they each give birational morphisms whose exceptional
loci are projective bundles over Hilbert schemes of points ofX (H1X ∼= X
andH2X respectively).

OnM2, the ample cone is bounded on one side byOM2(2H −E). This
gives themap̃ϕ1

− : M2 → Ps1 mentioned in Theorem2.4; in particular it is
globally generated, the induced morphism is birational, and its exceptional
locus is a projective bundle overH2X. On the other side, the ample cone
contains a line bundle of the formOM2((2m− 1)H −mE) ([V2, 4.9]). In
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fact, if X is a smooth curve embedded by a line bundle of degree at least
2g+5, it is shown in [T1] that thecasem = 2suffices, i.e. that theamplecone
is bounded byOM2(2H −E) andOM2(3H − 2E). Therefore, it is natural
to look for conditions under whichOM2(3H − 2E) is globally generated.
Thaddeus further shows that under similar positivity conditions, the ample
cone ofMk is bounded byOMk

(kH−(k−1)E) andOMk
((k+1)H−kE).

Noting the fact thath∗
1OM2(3H − 2E) = O

M̃2
(3H − 2E1 − E2), it

is not difficult to see (using Zariski’s Main Theorem) that this system will
be globally generated ifSecX ⊂ Ps0 is scheme theoretically defined by
cubics, because a cubic vanishing twice on a variety must also vanish on
its secant variety. Unfortunately, there are no general theorems on the cubic
generation of secant varieties analogous to quadric generation of varieties.
We address this question in the next section.

3. Cubic generation of secant varieties

Example 3.1.Some examples of varieties whose secant varieties areideal
theoretically defined by cubics include:

1. X is any Veronese embedding ofPn [Ka]
2. X is the Pl̈ucker embedding of the GrassmannianG(1, n) for anyn [H,

9.20].
3. X is the Segre embedding ofPn × Pm [H, 9.2]. ✷

We prove a general result:

Theorem 3.2. LetX ⊂ Ps0 satisfy condition(K2). ThenSec(vd(X)) is
settheoretically defined by cubics ford ≥ 2.

Proof. We begin with the cased = 2, the higher embeddings being more
elementary.

Let Y = v2(X), V = v2(Ps0) ⊂ PN , andH the linear subspace ofPN

definedby thehyperplanes corresponding to all thequadrics inPs0 vanishing
onX. ThenY = V ∩H as schemes and we show, noting thatSecV is ideal
theoretically defined by cubics, thatSecY = SecV ∩H as sets.

Note that the mapϕ1 : Ps0 ��� Ps1 can be viewed as the composition
of the embeddingv2 : Ps0 ↪→ PN with the projection fromH, PN ��� Ps1 .

Let p ∈ SecV ∩H. If p ∈ V , thenp ∈ Y = V ∩H hencep ∈ SecY .
Otherwise, any secant lineL to V throughp intersectsV in a length

two subschemeZ. Z considered inPs0 determines a unique line inPs0

whose image inPN is a plane quadricQ ⊂ V spanning a planeM . If
H ∩Q = Z ′ ⊂ Y is non-empty thenZ ′ ∪ {p} ⊂ H ∩M , hence eitherH
intersectsM in a lineL′ throughp orM ⊂ H. In the first caseL′ is a secant
line toY , in the secondQ ⊂ Y . In either situationp ∈ SecY .
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All that remains is the caseH ∩M = {p} andH ∩Q is empty. However
in this case the lineL, and hence the schemeZ = L ∩ Q is collapsed to a
point by the projection. As the rational mapϕ is an embedding offSecX,
this impliesZ lies on the image of a secant line toX ⊂ Ps0 . As a length
two subscheme ofPs0 determines a unique line,Q must be the image of a
secant line toX ⊂ Ps0 contradicting the assumption thatH ∩Q is empty.

Ford > 2, note that the projection fromH is an embedding offV ∩H
(this canbederiveddirectly fromTheorem2.2 or see [V1, 3.3.1]). Therefore,
if H intersects a secant line, the line lies inH, hence is a secant line toY .

��
Example 3.3.As Green’s(N2) implies (K2), this shows that the secant
varieties to the following varieties are set theoretically defined by cubics:

1. X a smooth curve embedded by a line bundle of degree4g + 6 + 2r,
r ≥ 0.

2. X a smooth curve withCliffX > 2, embedded byK⊗r
X , r ≥ 2.

3. X a smooth variety embedded by
(
KX ⊗ L⊗(dimX+3+α)

)⊗r
, α ≥

0, r ≥ 2, L very ample.
4. X a smooth variety embedded byL⊗2r for all r � 0, L ample. ✷

Remark 3.4.Notice that in the cased = 2 of Proposition 3.2, the cubics
that at least set theoretically define the secant variety satisfy(K3). This is
because:

1. The ideal of the secant variety ofv2(Ps0) is generated by cubics, and the
module of syzygies is generated by linear relations [JPW, 3.19]. Hence
Sec(v2(Ps0)) satisfies(K3).

2. It is clear from the definition that ifX ⊂ Pn satisfies(Kd), then any
linear section does as well. ✷

Example 3.5.If X ⊂ Pn is a smooth quadric hypersurface, thenv2(X) is
given by the intersection ofv2(Pn) with a hyperplaneH. Furthermore, the
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intersection ofSec(v2(Pn))withH is a schemeS withSred ∼= Sec(v2(X)).
Therefore, a general smooth quadric hypersurface hasSec(v2(X)) ∼=
Sec(v2(Pn)) ∩H as schemes, henceSec(v2(X)) satisfies(K3). ✷

We record here a related conjecture of Eisenbud, Koh, and Stillman as
well as a partial answer proven by M.S. Ravi:

Conjecture 3.6.[EKS] Let L be a very ample line bundle that embeds a
smooth curveX. For eachk there is a bound on the degree ofL such that
SeckX is ideal theoretically defined by the(k + 2) × (k + 2) minors of a
matrix of linear forms.

Theorem 3.7. [R] If deg L ≥ 4g+2k+3, thenSeckX is settheoretically
defined by the(k + 2) × (k + 2) minors of a matrix of linear forms.

These statements provide enough evidence to make the following basic:

Conjecture 3.8.Let L be an ample line bundle on a smooth varietyX,
k ≥ 1 fixed. Then for alln � 0, Ln embedsX so thatSeckX is ideal
theoretically defined by forms of degreek + 2, and furthermore satisfies
condition(Kk+2).

Remark 3.9.If X is a curve with a5-secant3-plane, then any cubic van-
ishing onSecX must vanish on that3-plane. HenceSecX cannot be set
theoretically defined by cubics. This should be compared to the fact that if
X has a trisecant line, thenX cannot be defined by quadrics. In particular,
this shows that Green’s condition(N2) is not even sufficient to guarantee
that their exists a cubic vanishing onSecX. For example, ifX is an elliptic
curve embedded inP4 by a line bundle of degree5, thenSecX is a quintic
hypersurface. Therefore, any uniformbound on the degree of a linear system
that would guaranteeSecX is even set theoretically defined by cubics must
be at least2g + 4. ✷

We can use earlier work to give a more geometric necessary condition
for SecX to be defined as a scheme by cubics. Specifically, in [V2, 3.7] it is

shown that the intersection of̃SecX with the exceptional divisorE of the
blow up ofPs0 alongX is isomorphic toBl∆(X ×X). This implies that if
π : S̃ecX → SecX is the blow up alongX, thenπ−1(p) ∼= Blp(X), p ∈
X. In fact, it is easy to verify that ifX is embedded by a line bundle
L, thenπ−1(p) ∼= Blp(X) ⊂ PΓ (X,L ⊗ I2

p) wherePΓ (X,L ⊗ I2
p) is

identified with the fiber overp of the projectivized conormal bundle of
X ⊂ Ps0 . Now, if SecX is defined as a scheme by cubics, then the base

scheme ofO
P̃s0 (3H − 2E) is preciselỹSecX. The restriction of this series

toPΓ (X,L⊗I2
p) is thus a systemof quadricswhose base scheme isBlp(X).
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In other words, ifX is a smooth variety embedded by a line bundleL that
satisfies(K2) and ifSecX is scheme theoretically defined by cubics, then
for everyp ∈ X the line bundleL⊗O(−2Ep) is very ample onBlp(X) and
Blp(X) ⊂ PΓ (Blp(X), L⊗ O(−2Ep)) is scheme theoretically defined by
quadrics.

In the caseX is a curve, this implies that a uniform bound ondeg L
that would implySecX is defined by cubics must be at least2g + 4, the
same bound encountered in Remark 3.9. The construction in [B1] shows
similarly that any uniform bound that would implySeckX is defined by
(k + 2)-tics must be at least2g + 2 + 2k. We combine these observations
with the degree bounds encountered in the constructions of [T1] and [B1]
to form the following:

Conjecture 3.10.LetX be a smooth curve embedded by a line bundleL.
If deg(L) ≥ 2g + 2k thenSeck−1X is defined as a scheme by forms of
degreek + 1. If deg(L) ≥ 2g + 2k + 1 thenSeck−1X satisfies condition
(Kk+1). ✷

4. The general birational construction

Suppose thatX satisfies(K2), is smooth, and contains no lines and no plane
quadrics. Suppose further thatSecX is scheme theoretically defined by
cubicsC0, . . . , Cs2 , and thatSecX satisfies(K3). Under these hypotheses,
we construct a second flip as follows: We know thatOM2(3H − 2E) is
globally generated by the discussion above; hence this induces a morphism
ϕ̃2

+ : M2 → Ps2 which agrees with the map given by the cubicsϕ2 :
Ps0 ��� Ps2 on the locuswhereM2 andPs0 are isomorphic.ByTheorem2.2,
ϕ̃2

+ is a birational morphism.Wewish first to identify the exceptional locus
of ϕ̃2

+. It is clear that̃ϕ2
+ will collapse the image of a3-secant2-plane to

a point, hence the exceptional locus must contain the transform ofSec2X.
However byTheorem2.2,we know that the rationalmapϕ2 is an embedding
off Sec13(SecX), the trisecant variety to the secant variety. This motivates
the following

Lemma 4.1. LetX ⊂ Pn be an irreducible variety. Assume either of the
following:

1. SeckX is defined as a scheme by forms of degree≤ 2k + 1.
2. X is a smooth curve embedded by a line bundle of degree at least2g +

2k + 1.

ThenSeckX = Sec1k+1(Sec
k−1X) as schemes.

Proof. First, choosea(k+1)-secantk-planeM .M then intersectsSeck−1X
in a hypersurface of degreek + 1, hence every line inM lies in
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Sec1k+1(Sec
k−1X). As SeckX is reduced and irreducible,SeckX ⊆

Sec1k+1(Sec
k−1X) as schemes.

For the converse, assume the first condition is satisfied. Choose a lineL
that intersectsSeck−1X in a schemeof lengthat leastk+1. It is easy to verify
thatSeckX is singular alongSeck−1X, hence every form that vanishes on
SeckX must vanish2k + 2 times onL. By hypothesis, however,SeckX is
scheme theoretically defined by forms of degree≤ 2k + 1, hence each of
these forms must vanish onL.

The sufficiency of the second condition follows from Thaddeus’ con-
struction and [B3, Sect. 2,(i)]. ��

This implies that if SeckX satisfies (Kk+2) and if SeckX =
Sec1k+1(Sec

k−1X), then the mapϕk+1 : Ps0 ��� Psk+1 given by the forms
definingSeckX is an embedding off ofSeck+1X. We use Theorem 2.2 to
understand the structure of these maps via the following two lemmas:

Lemma 4.2. If the embedding of a projective varietyX ⊂ Pn is (2k + 4)-
very ample, then the intersection of two(k + 2)-secant(k + 1)-planes, if
nonempty, must lie inSeckX (in fact, it must be an�+1 secantP� for some
� ≤ k). In particular,Seck+1X has dimension(k + 2) dimX + k + 1.

Proof. The first statement is elementary: Assume two(k+2)-secant(k+1)-
planes intersect at a single point. If the point is not onX, then there are2k+4
points ofX that span a(2k + 2)-plane, which is impossible by hypothesis.
Hence the intersection lies inSec0X = X. A simple repetition of this
argument for larger dimensional intersections gives the desired result. The
statement of the dimension follows immediately; or see [H, 11.24]. ��
Lemma 4.3. Let X ⊂ Ps0 be an irreducible variety whose embedding
is (2k + 4)-very ample. Assume thatSeckX satisfies(Kk+2), and that
Seck+1X = Sec1k+2(Sec

kX) as schemes. LetΓ be the closure of the graph
of ϕk+1 with projectionπ : Γ → Ps0 . If a is a point in the closure of the
image ofϕk+1 andFa ⊂ Γ is the fiber overa thenπ(Fa) is one of the
following:

1. a reduced point inPs0 \ Seck+1X
2. a(k + 2)-secant(k + 1)-plane
3. containedin a linear subspace ofSeckX

Proof. The first and third possibilities follow directly from Theorem 2.2.
For the second, note that a prioriπ(Fa) could be any linear space inter-

sectingSeckX in a hypersurface of degreek+2. However, Lemma 4.2 and
the hypothesis thatSeck+1X = Sec1k+2(Sec

kX) immediately imply that
any such linear space must bek + 1 dimensional; hence a(k + 2)-secant
(k + 1)-plane. ��
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With these results in hand we present the general construction.
Let Y0 be an irreducible projective variety and supposeβi : Y0 ���

Yi, 1 ≤ i ≤ j, is a collection of dominant, birational maps. Define the
dominating varietyof the collection, denotedB(0,1,... ,j), to be the closure of
the graph of

(β1, β2, . . . , βj) : Y0 ��� Y1 × Y2 × · · · × Yj

Denote byB(a1,a2,... ,ar) the projection ofB(0,1,... ,j) toYa1 ×Ya2 ×· · ·×Yar .
Note thatB(a1,a2,... ,ar) is birationally isomorphic toB(b1,b2,... ,bk) for all 0 ≤
ar, bk ≤ j. Note further that if theβi are all morphisms thenB(0,1,... ,j)

∼=
Y0, in other words only rational maps contribute to the structure of the
dominating variety.

Definition/Notation 4.4WesayX ⊂ Ps0 satisfies condition(Kj
2) if Sec

iX
satisfies condition(K2+i) for 0 ≤ i ≤ j; henceX satisfies(K0

2 ) if and only
if X satisfies(K2), X satisfies(K1

2 ) if and only if X satisfies(K2) and
SecX satisfies(K3), etc. ✷

If X ⊂ Ps0 satisfies condition(Kj
2), then each rationalmapϕi : Ps0 ���

Psi is birational onto its image for1 ≤ i ≤ j + 1, and assuming the
conclusion of Lemma 4.1 eachϕi is an embedding offSeciX. Therefore
B(i) is the closure of the image ofϕi,B(0,i) is the closure of the graph ofϕi,

and in the notation of Theorem 2.4B(0,1,2)
∼= M̃2 andB(1,2)

∼= M2. Note
B(0) = Ps0 .

Lemma 4.5. B(0,1,2,... ,i) is the blow up ofB(0,1,2,... ,i−1) along the proper
transform ofSeci−1X, 1 ≤ i ≤ j + 1.

Proof. This is immediate from the definition (or see [V1, 3.1.1]). ��
Remark 4.6.The spaces constructed in [B1] are of the typeB(0,1,2,... ,k).

The spaces̃Mk andMk constructed in [T1] arẽMk
∼= B(k−2,k−1,k) and

Mk
∼= B(k−1,k). ✷

Our goal is to understand explicitly the geometry of this web of varieties
generalizing Theorem 2.4. In the next section we describe in detail the struc-
ture of the second flip. As each subsequent flip requires the understanding of
HkX for largerk, it is not clear that the process will continue nicely beyond
the second flip (at least for varieties of arbitrary dimension).

5. Construction of the second flip

Let X ⊂ Ps0 be a smooth, irreducible variety that satisfies(K1
2 ). The

diagram of varieties we study in this section is:
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B(0,1,2)

�����
��

��
�� h1

��







		

B(1,2,3)

��

h2

��
B(0,1)

ϕ̃1
+ ��







����
��

��
��

B(0,2)

������������������

��������������������� B(1,2)

�����
��

��
�� ϕ̃2

+

��






B(2,3)

��
B(0) B(1) B(2)

whereB(0,1,2) is the dominating variety of the pair of birational mapsϕ1 :
Ps0 ��� Ps1 andϕ2 : Ps0 ��� Ps2 ; and where we have yet to construct
the two rightmost varieties. We writePicB(0,1) = PicB(1,2) = ZH + ZE
andPicB(0,1,2) = ZH + ZE1 + ZE2 (recall all three spaces are smooth by
Theorem 2.4).

Theorem 5.1. LetX ⊂ B(0) = Ps0 be a smooth, irreducible variety of
dimensionr that satisfies(K1

2 ). Assume thatX is embedded by a complete
linear system|L| and that the following conditions are satisfied:
1. L is (5 + r)-very ample
2. If r ≥ 2, then for every pointp ∈ X,H1(X,L⊗ I3

p) = 0
3. Sec2X = Sec13(Sec

1X) as schemes
4. The projection ofX into Pm,m = s0 − 1 − r, from any embedded

tangent space is such that the image is projectively normal and satisfies
(K2)

Then the morphism̃ϕ2
+ : B(1,2) → B(2) induced byOB(1,2)(3H − 2E) is

an embedding off the transform ofSec2X, and the restriction of̃ϕ2
+ to the

transform ofSec2X has fibers isomorphic toP2.

As the proof of Theorem 5.1 is somewhat involved, we break it into
several pieces. We begin with a Lemma and a crucial observation, followed
by the proof of the Theorem. The observation invokes a technical lemma
whose proof is postponed until the end.

Remark on the hypotheses 5.2Note that ifX is a smooth curve embedded
by a line bundle of degree at least2g + 5, then conditions1 − 4 are au-
tomatically satisfied. Conjecture 3.10 would imply condition(K1

2 ) holds
also. Furthermore, ifr = 2 andH1(X,L) = 0 then condition1 implies
condition2.

If r ≥ 2, then the image of the projection from the space tangent toX
atp isBlp(X) ⊂ Pm. Furthermore, by the discussion after Remark 3.9 any
such projection ofX will be generated as a scheme by quadrics whenSecX
is defined by cubics, hence condition4 is not unreasonable. ✷
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Lemma 5.3.With hypotheses as in Theorem5.1, the image of the projection
ofX intoPm,m = s0 − 1− r, isBlp(X), hence is smooth. Furthermore, it
contains no lines and it contains noplanequadrics except for the exceptional
divisor, which is the quadratic Veronese embedding ofPr−1.

Proof. If r = 1 the statement is clear. Otherwise, letX ′ ⊂ Pm denote the
closure of the image of projection from the embedded tangent space toX
at p. As mentioned above,X ′ ∼= Blp(X), hence is smooth. LetEp ⊂ X ′
denote the exceptional divisor. The existence of a line or plane quadric not
contained inEp is immediately seen to be impossible by the(5 + r)-very
ampleness hypothesis.

As Pm = PΓ (X ′, L ⊗ O(−2Ep)) and asEp ∼= Pr−1, we haveL ⊗
O(−2Ep)|Ep

∼= OPr−1(2). Condition2 implies this restriction is surjective
on global sections. ��
Observation 5.4Let B(0,1,2) → B(0) be the projection and letFp be the
fiber overp ∈ X; henceFp is the blow up ofPm along a copy ofBlp(X).
We again denote this variety byX ′ ⊂ Pm, and the embedding ofX ′ into
Pm satisfies(K2) by hypothesis. The restriction ofOB(0,1,2)(3H − 2E1 −
E2) to Fp can thus be identified withOBlX′ (Pm)(2H ′ − E′), and, noting
Lemma 5.3, it seems that Theorem 2.2 could be applied. Unfortunately,
it is not clear that this restriction should be surjective on global sections.
However, by Lemma5.7 below, the imageof themorphismonFp inducedby
the restriction of global sections is isomorphic to the image of themorphism
given by the complete linear system|OBlX′ (Pm)(2H ′ − E′)|. Hence by the
fourth hypothesis and Lemma 5.3, the only collapsing that occurs inFp
under the morphismB(0,1,2) → B(2) is that of secant lines toX

′ ⊂ Pm.
Now, for somep ∈ X, suppose that a secant lineS in Fp is collapsed to

a point by the projectionB(0,1,2) → B(2). ThenS is the proper transform of
a secant line toX ′ ⊂ Pm, but every such secant line is the intersection of
Fp with a3-secantP2 throughp ∈ X. For example, ifS ⊂ Fp is the secant
line throughq, r ∈ X ′, q, r /∈ Ep, thenS is the intersection ofFp with the
proper transform of the plane spanned byp, q, r. It should be noted that the
two dimensional fiber associated to the collapsing of a plane spanned by
a quadric in the exceptional divisor (Lemma 5.3) will take the place of a
3-secantP2 spanned by a non-curvilinear scheme contained in the tangent
space atp.

Therefore, all the collapsing in the exceptional locus over a pointp ∈ X
is associated to the collapsing of3-secant2-planes. ✷

Proof(ofTheorem5.1). Leta ∈ B(2) beapoint in the imageof̃ϕ2
+. Thefiber

overa is mapped isomorphically intoB(1) by the projectionB(1,2) → B(1).
We are therefore able to study(ϕ̃2

+)−1(a) by looking at the fiber of the
projectionB(0,1,2) → B(2), and projecting toB(0,1) and toB(1).
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By applying Lemma 4.3 to the mapB(0,2) → B(2), the projection to
B(0,1) is contained as a scheme in thetotal transform of one of the following
(note the more refined division of possibilities):

1. a point inPs0 \ Sec2X
2. a3-secant2-plane toX not contained inSecX
3. a linear subspace ofSecX not tangent toX
4. a linear subspace ofSecX tangent toX

In the first case, there is nothing to show as the total transform of a point
in Ps0 \ Sec2X is simply a reduced point and the map̃ϕ1

+ to B(1) is an
embedding in a neighborhood of this point.

If the projection is a3-secant2-plane, then by Observation 5 the projec-
tion toB(0,1) is a3-secant2-planeblownupat the threepoints of intersection,
and so the image inB(1) is aP2 that has undergone a Cremona transforma-
tion.

In the third case, Observation 5 shows that either the projection toB(0,1)
is thepropertransform of a secant line toX, or that the projection toB(0) is a
linear subspace ofSecX that is not a secant line. In the first case, every such
space is collapsed to a point bỹϕ1

+. The second implies̃ϕ2
+ has a fiber of

dimensiond that is contained inP(F) ⊂ B(1,2). BecauseE2 → P(F) is a
P1-bundle, this implies the projection of the fiber toB(0) is contained in a
linear subspaceM of SecX of dimensiond + 1. Furthermore, the proper
transformofM is collapsed toaddimensional subspaceofB(1), in particular
the general point ofM lies on a secant linecontained inM by Theorem 2.3.
ThereforeY = M ∩ X hasSecY = M , henceSec2Y = M but this is
impossible by Lemma 4.2 and the restriction thatM not be tangent toX.

In the final case, the proper transform inB(0,1) of a linear spaceM ∼= Pk

tangent toX at a pointp is Blp(Pk). Denote the exceptionalPk−1 by
Q; Lemma 5.3 impliesQ ∼= Ep is the quadratic Veronese embedding of
Pk−1 ⊂ P(Γ (Blp(X), L(−2Ep))). A simple dimension count shows that

the restriction toQ of the projective bundleE2 → S̃ecX arising from the

blow up ofB(0,1) alongS̃ecX is precisely the restriction toQ of the projec-
tive bundle arising from theinducedblow up ofP(Γ (Blp(X), L(−2Ep)))
alongBlp(X); denote this varietyPQ. Furthermore, the transformofBlp(Pk)
in B(0,1,2) is aP1-bundle overPQ ⊂ B(1,2). Now by Lemma 5.7, every fiber
of ϕ̃2

+ contained inPQ ⊂ B(1,2) is either a point or is isomorphic to aP2

spanned by a plane quadric inQ. ��

Remark 5.5.For curves, parts3 and4 of the proof can also be concluded by
showing that any line contained inSecX must be a secant or tangent line
(this is immediate from the6-very ample hypothesis). ✷
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Tocomplete theproof,weneedLemma5.7which itself requiresageneral
result:

Lemma 5.6. Let π : X → Y be a flat morphism of smooth projective
varieties. LetF = π−1(p) be a smooth fiber and letL be a locally free
sheaf onX. If Riπ∗L = 0 andH i(F,L ⊗ OF ) = 0 for all i > 0, then
Riπ∗(IF ⊗ L) = 0 for all i > 0.

Proof. The hypotheses easily give the vanishingRiπ∗(IF ⊗ L) = 0 for all
i > 1. For i = 1, take the exact sequence onY

0 → π∗(IF ⊗ L) → π∗L → π∗(OF ⊗ L) → R1π∗(IF ⊗ L) → 0

Becauseπ∗(OF ⊗ L) is supported at the pointp, it suffices to check that
H1(F, IF ⊗ OF ⊗ L) = H1(F,N∗

F/X ⊗ L) = 0. π flat impliesN∗
F/X

∼=
π∗(N∗

p/Y ), henceN∗
F/X is trivial. Now, H1(F,L ⊗ OF ) = 0 implies

H1(F,N∗
F/X ⊗ L) = 0. ��

Lemma 5.7. Under the hypotheses of Theorem 5.1, The image ofFp under
the projectionB(0,1,2) → B(2) is isomorphic to the image ofFp under the
morphism induced by the complete linear system associated toOFp(2H ′ −
E′).

Proof. Step 1. If a, b ∈ Fp are mapped to the same point under the pro-
jection toB(2), thena andb map to the same point under the projection to
B(0,2). This is clear from the construction of the maps in question as the
projectionsPs0 × Ps1 × Ps2 → Ps2 andPs0 × Ps1 × Ps2 → Ps0 × Ps2

respectively.

Step 2.Re-embedB(0,2) ↪→ PN ×Ps2 via the map associated toOPs0 (k)�
OPs2 (1). This gives a mapB(0,1,2) → PN × Ps2 induced by a subspace of
H0(B(0,1,2),OPs0 (k) � OPs2 (1) ⊗ OB(0,1,2)) whereOPs0 (k) � OPs2 (1) ⊗
OB(0,1,2)

∼= OB(0,1,2)((k + 3)H − 2E1 −E2). AsB(0,2) ↪→ PN × Ps2 is an
embedding, the induced maps onFp have isomorphic images for allk ≥ 1.
We have, therefore, only to showH0(Ps0 ×Ps1 ×Ps2 ,OPs0 (k)�OPs2 (1))
surjects ontoH0(Fp,OFp(2H ′ − E′)) for somek.

Step 3. The map

H0(Ps0 × Ps1 × Ps2 ,OPs0 (k) � OPs2 (1))
→ H0(B(0,1,2),OB(0,1,2)((k + 3)H − 2E1 − E2))

is surjective for allk � 0. This follows directly from the fact thatSecX
is scheme theoretically defined by cubics and the construction ofPs2 as
P(Γ (B(0,1,2),OB(0,1,2)(3H − 2E1 − E2))).
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Step 4. The map

H0(B(0,1,2),OB(0,1,2)((k + 3)H − 2E1 − E2))

→ H0(E1,OE1((k + 3)H − 2E1 − E2))

is surjective for allk � 0.
We showH1(B(0,1,2),OB(0,1,2)((k + 3)H − 3E1 − E2)) = 0. Let ρ :

B(0,1,2) → B(0) be the projection. By the projective normality assumption
of Theorem 5.1,Riρ∗OE1((k + 3)H − �E1 − E2) = 0 for all i, � > 0
sinceE1 → X is flat. Ampleness ofOPs0 (H) impliesH1(E1,OE1(mH −
�E1 − E2)) = 0 for all m ≥ m0, wherem0 may depend on�. From the
exact sequence

0 → OB(0,1,2)(mH − (�+ 1)E1 − E2)

→ OB(0,1,2)(mH − �E1 − E2) → OE1(mH − �E1 − E2)

a finite induction shows that ifH1(B(0,1,2),OB(0,1,2)(mH − (� + 1)E1 −
E2)) = 0 for m � 0, some� > 1 thenH1(B(0,1,2),OB(0,1,2)((k + 3)H −
3E1 − E2)) = 0 for all k � 0.

AsKB(0,1,2) = OB(0,1,2)((−s0−1)H+(s0−r−1)E1+(s0−2r−2)E2),
we have

OB(0,1,2)(mH − (�+ 1)E1 − E2 −K)

= OB(0,1,2)((m+ s0 + 1)H − (�+ s0 − r)E1 − (s0 − 2r − 1)E2)

As soon as� ≥ s0−3r−2, the right side isρ-nef and, becauseρ is birational,
the restriction of the right side to the general fiber ofρ is big. Hence by [Ko,
2.17.3],Riρ∗OB(0,1,2)(mH − (�+ 1)E1 −E2) = 0 for i ≥ 1. Again by the
ampleness ofOPs0 (H), we haveH1(B(0,1,2),OB(0,1,2)(mH − (�+ 1)E1 −
E2)) = 0 form � 0, � as above.

Step 5. The mapH0(E1,OE1((k + 3)H − 2E1 − E2)) → H0(Fp,OFp

×(2H ′ −E′)) is surjective for allk � 0. This is immediate by Lemma 5.6
and the projective normality assumption of Theorem 5.1. ��

As in Theorem 2.3, we show that the restriction ofϕ̃2
+ to the transform

of Sec2X is a projective bundle overH3X. By a slight abuse of notation,

write S̃ec2X ⊂ B(1,2) for the image of the proper transform ofSec2X.
Note the following:

Lemma 5.8. Let SZ = (ϕ̃2
+)−1(Z) ∼= P2 be a fiber over a pointZ ∈

H3X. ThenOSZ
(H) = OP2(2) andOSZ

(E) = OP2(3).

Proof. This is immediate from the restrictionsOSZ
(2H − E) = OP2(1)

andOSZ
(3H − 2E) = OP2 ��
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Lemma 5.9. There exists a morphism̃Sec2X → G(2, s0) whose image is
H3X.

Proof. A point p ∈ S̃ec2X determines a unique2-planeSZ in S̃ec2X by
Theorem 5.1. For every suchp, the homomorphismH0(B(1,2),OB(1,2)(H))
→ H0(B(1,2),OSZ

(H)) has rank3, hence gives a point inG(2, s0). The
image of the associatedmorphism clearly coincides with the natural embed-
ding ofH3X intoG(2, s0) described in [CG]. ��

As in [V2, 3.5], there is amorphismH3X → B(2) so that thecomposition

factorsϕ̃2
+ : S̃ec2X → B(2). This is constructed by associating to every

Z ∈ H3X the rank1 homomorphism:

H0(B(1,2),OB(1,2)(3H − 2E)) → H0(B(1,2),OSZ
(3H − 2E))

whereSZ is theP2 in B(1,2) associated toZ.

Exactly as in Theorem 2.3, this allows the identification of̃Sec2X with
aP2-bundle overH3X. Specifically,E2 = (ϕ̃2

+)∗(O
S̃ec2X

(2H −E)) is a
rank3 vector bundle onH3X and:

Proposition 5.10.With notation as above,̃ϕ2
+ : S̃ec2X → H3X is the

P2-bundlePH3X(E2) → H3X. ✷

We wish to show further that blowing upSec2X alongX and then
alongSecX resolves the singularities ofSec2X. By Theorem 2.4,h1 :
B(0,1,2) → B(1,2) is the blow up ofB(1,2) alongP(F), hence it suffices to
showP(F) ∩ P(E2) is a smooth subvariety ofP(E2).

Proposition 5.11.D = P(F)∩P(E2) is the nestedHilbert schemeZ2,3(X)
⊂ H2X × H3X, hence is smooth. ThereforeBl

S̃ecX
(BlX(Sec2X)) ⊂

B(0,1,2) is smooth andSec
2X ⊂ Ps0 is normal.

Proof. LetUi ⊂ X × HiX denote the universal subscheme. We have mor-
phismsϕ̃2

+ : D → H3X andϕ̃1
− : D → H2X, and it is routine to check

that (idX × ϕ̃1
−)−1(U2) ⊂ (idX × ϕ̃2

+)−1(U3). Hence (Cf. [L,§1.2])
ϕ̃1

− × ϕ̃2
+ mapsD to the nested Hilbert schemeZ2,3(X) ⊂ H2X×H3X,

where closed points ofZ2,3(X) correspond to pairs of subschemes(α, β)
with α ⊂ β. Furthermore, via the description of the structure of the map
ϕ̃2

+, it is clear that the morphism ofH3X-schemesD → Z2,3(X) is finite
and birational. It is shown in [C, 0.2.1] thatZ2,3(X) is smooth, hence this
is an isomorphism. ��

LetB(1,2,3) be the blow up ofB(1,2) alongP(E2); noteB(1,2,3) is smooth.
To constructB(2,3), we first construct the exceptional locus as a projective
bundle overH3X. WritePicB(1,2,3) = ZH + ZE1 + ZE3.
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Lemma 5.12. Let p3 : E3 → H3X be the compositionE3 → P(E2) →
H3X. ThenF2 = (p3)∗OE3(4H − 3E1 − E3) is locally free of ranks0 −
3r − 2 = codim (S̃ec2X,B(1,2)).

Proof. Each fiber Fx of p3 is isomorphic to P2 × Pt, t + 1 =
codim (S̃ec2X,B(1,2)). FurthermoreH0(Fx,OFx(4H − 3E1 − E3)) =
H0(Pt,OPt(1)) follows easily from Lemma 5.8. ��

There is a mapE3 → P(F2) given by the surjection

p∗
3F2 → OE3(4H − 3E1 − E3) → 0

hence a diagram of exceptional loci:

E3

�����������

��


p3

		

P(E2)

��






P(F2)

�����
��

��
��

H3X

It is important to note that

P(F2) ∼= P(p3∗OE3(4H − 3E1 − E3 + t(3H − 2E1)))

for all t ≥ 0 as the direct image on the right will differ fromF2 by a line
bundle. Hence for allt ≥ 0 the same morphismE3 → P(F2) is induced by
the surjection

p∗
3p3∗ OE3(4H − 3E1 − E3 + t(3H − 2E1))
→ OE3(4H − 3E1 − E3 + t(3H − 2E1))

One can now repeat almost verbatim [V2, 4.7-4.10] to construct the
second flip; i.e. the spaceB(2,3). Recall the following:

Proposition 5.13. [V2, 4.5] Let L be an invertible sheaf on a complete
varietyX, and letB be any locally free sheaf. Assume that themapλ : X →
Y induced by|L| is a birational morphism and thatλ is an isomorphism in
a neighborhood ofp ∈ X. Then for alln sufficiently large, the map

H0(X,B ⊗ Ln) → H0(X,B ⊗ Ln ⊗ Op)

is surjective. ✷
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TakingB = OB(1,2,3)(4H − 3E1 −E3) andL = OB(1,2,3)(3H − 2E1),
the map induced by the linear system associated to

OB(1,2,3)((4H − 3E1 − E3) + (k − 2)(3H − 2E1))

= OB(1,2,3)((3k − 2)H − (2k − 1)E1 − E3)

is basepoint freeoffE3 fork � 3. Toshow thisgivesamorphism,oneshows
the restriction of above linear system to the divisorE3 induces a surjection
on global sections, hence restricts to the mapE3 → P(F2) above. For this,
defineLρ = O((3ρ− 2)H − (2ρ− 1)E1 − E3) and write

OB(1,2,3)((3k − 2)H − (2k − 1)E1 − 2E3) ⊗K−1
B(1,2,3)

= Ls0−3r−1
α ⊗ A

where α = 2k+s0−r−1
2s0−6r−2 and A = OB(1,2,3)

((3s0−9r−4
2

)
H−

(s0 − 3r − 2)E1). By the above discussion,Ls0−3r−1
α is nef fork � 0 and

it is routine to verify thatA is a big and nefQ-divisor; henceH1(B(1,2,3),
O((3k − 2)H − (2k − 1)E1 − 2E3)) = 0.

The varietyB(2,3) is defined to be the imageof thismorphism. This gives:

Proposition 5.14.With hypotheses as in Theorem 5.1 and fork sufficiently
large, themorphismh2 : B(1,2,3) → B(2,3) induced by the linear system|Lk|
is an embedding off ofE3 and the restriction ofh2 to E3 is the morphism
E3 → P(F2) described above. ✷

Remark 5.15.The best (smallest) possible value fork is k = 3. This will
be the case ifSec3X ⊂ Ps0 is scheme theoretically cut out by quartics.✷

Lemma 5.16. B(2,3) is smooth.

Proof. BecauseB(2,3) is the image of a smooth variety with reduced, con-
nected fibers it is normal (Cf. [V1, 3.2.5]). LetZ ∼= P2 be a fiber ofh2 over
a pointp ∈ P(F2).Z × {p} is a fiber of aP2 × Pt bundle overH3X, hence
the normal bundle sequence becomes:

0 →
s0−3⊕

1

OP2 → NZ/B(1,2,3)
→ OP2(−1) → 0

This sequence splits, and allowing the elementary calculationsH1

×(Z, SrNZ/B(1,2,3)
)=0 andH0(Z, SrNZ/B(1,2,3)

)=SrH0(Z,NZ/B(1,2,3)
)

for all r ≥ 1, B(2,3) is smooth by a natural extension of the smoothness
portion of Castelnuovo’s contractibility criterion for surfaces given in [AW,
2.4]. ��

LettingP(F0) = PX(N∗
X/Ps0 ) = E1 andP(E0) = X, the analogue of

Theorem 2.4 is:
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Theorem 5.17.Let X ⊂ B(0) = Ps0 be a smooth, irreducible variety
of dimensionr that satisfies(K1

2 ), with s0 ≥ 3r + 4. Assume thatX is
embedded by a complete linear system|L| and that the following conditions
are satisfied:

1. L is (5 + r)-very ample andSec2X = Sec13(Sec
1X) as schemes

2. The projection ofX into Pm,m = s0 − 1 − r, from any embedded
tangent space is such that the image is projectively normal and satisfies
(K2)

3. If r ≥ 2, then for every pointp ∈ X,H1(X,L⊗ I3
p) = 0

Then there is a pair of flips as pictured below with:

1. B(i,i+1) andB(i,i+1,i+2) smooth
2. B(i,i+1) \P(Ei+1) ∼= B(i+1,i+2) \P(Fi+1); ass0 ≥ 3r+4,PicB(0,1)

∼=
PicB(i+1,i+2)

3. PEi = Pϕ̃i∗
+O

S̃eciX
(iH − (i − 1)E) andPFi = Pϕ̃i∗

−O
S̃eciX

((i +
2)H − (i+ 1)E)

4. hi is the blow up ofB(i,i+1) alongP(Fi)
5. B(i,i+1,i+2) → B(i,i+1) is the blow up alongP(Ei+1)
6. ϕ̃i

−, induced byOB(i,i+1)((i+1)H− iE), is an embedding off ofP(Fi),
and the restriction of̃ϕi

− is the projectionP(Fi) → Hi+1X
7. ϕ̃i

+, induced byOB(i−1,i)((i+1)H− iE), is an embedding off ofP(Ei),
and the restriction of̃ϕi

+ is the projectionP(Ei) → Hi+1X
8. P(Fi) ∩ P(Ei+1) ⊂ B(i,i+1) is isomorphic to the nested Hilbert scheme
Zi+1,i+2 ⊂ HiX × Hi+1X, hence is smooth.

B(0,1,2)

�����������
h1

���
��������

B(1,2,3)

�����������
h2

���
��������
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