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Abstract This work studies a fundamental problem in blood capillary growth: how
the cell proliferation or death induces the stress response and the capillary extension
or regression. We develop a one-dimensional viscoelastic model of blood capillary
extension/regression under nonlinear friction with surroundings, analyze its solution
properties, and simulate various growth patterns in angiogenesis. The mathematical
model treats the cell density as the growth pressure eliciting a viscoelastic response
from the cells, which again induces extension or regression of the capillary. Nonlinear
analysis captures two cases when the biologically meaningful solution exists: (1) the
cell density decreases from root to tip, which may occur in vessel regression; (2) the cell
density is time-independent and is of small variation along the capillary, which may
occur in capillary extension without proliferation. The linear analysis with perturba-
tion in cell density due to proliferation or death predicts the global biological solution
exists provided the change in cell density is sufficiently slow in time. Examples with
blow-ups are captured by numerical approximations and the global solutions are recov-
ered by slow growth processes, which validate the linear analysis theory. Numerical
simulations demonstrate this model can reproduce angiogenesis experiments under
several biological conditions including blood vessel extension without proliferation
and blood vessel regression.
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1 Introduction

Angiogenesis, the growth of new blood vessels from pre-existing vasculature, is crucial
to many physiological and pathological processes, such as embryonic development,
tumor growth, wound healing, and certain ocular diseases. In a healthy blood vessel,
the endothelial cells (ECs) which form the inner layer of blood vessels are quies-
cent and protected by pericytes. When a quiescent vessel senses an angiogenic signal
such as vascular endothelial growth factor (VEGF), pericytes first detach and then
endothelial cells are activated and migrate in the extracellular matrix (ECM). The ECs
are patterned to a tip cell and trailing stalk cells regulated by the VEGF-stimulated
DLL4/NOTCH signalling and other factors. The tip cell seldom proliferates but uses
filopodia to sense the environmental guidance cues to lead the migration. The stalk cells
release molecules such as EGFL7 into the ECM to self-organize as an ordered array
and proliferate to extend the capillary. During the capillary extension, ECs remodel
the ECM into a proangiogenic setting and overcome the adhesion (or friction) with
surroundings. In the later stage, the blood capillary becomes mature due to coverage of
newly recruited pericytes and develop the lumen to deliver blood flows. The formation
of a new blood capillary is a very complicated process modulated by a large amount
of molecules and the interactions with environment, whose biological details can be
found in review papers (Lamalice et al. 2007; De Smet et al. 2009; Carmeliet and Jain
2011) and the references therein.

There are mainly three types of mathematical models of blood capillary growth:
continuum models, random walk models, and cell-based models. All the existing
continuum models such as Balding and McElwain (1985), Byrne and Chaplain (1995),
Pettet et al. (1996), Anderson and Chaplain (1998), Holmes and Sleeman (2000),
Levine et al. (2001), Sleeman and Wallis (2002), Manoussaki (2003), Plank et al.
(2004), Milde et al. (2008), Schugart et al. (2008), Xue et al. (2009), Travasso et al.
(2011) use reaction-convection-diffusion equations to describe the proliferation and
migration of ECs. The random walk models such as Stokes and Lauffenburger (1991),
Anderson and Chaplain (1998), Tong and Yuan (2001), Plank and Sleeman (2003),
Plank and Sleeman (2004), Sun et al. (2005), Capasso and Morale (2009) focus on the
migration of the tip cell which is modeled as one point of zero thickness and regard
the whole capillary as the path of the tip cell. The fast development of angiogenesis
biology has enabled the direct modeling of the cellular dynamics, which is currently
realized in the cell-based models such as Peirce et al. (2004), Bauer et al. (2007,
2009), Bentley et al. (2008, 2009), Shirinifard et al. (2009), Wcislo et al. (2009),
Qutub and Popel (2009), Jackson and Zheng (2010), Liu et al. (2011). These cell-
based models treat each EC in a capillary as an entity of finite length, area, or volume
and investigate multiple cellular behaviors such as tip cell selection and migraton, and
stalk cell elongation, displacement, proliferation, and division. The detailed reviews
of most models can be found in Mantzaris et al. (2004), Peirce (2008), Qutub et al.
(2009), Jackson and Zheng (2010).

A fundamental problem that none of the existing models have addressed is the
relationship between cell growth and mechanical response in a capillary. For instance,
what stress responses do the change of cell mass and the cell division lead to? How
does the change of stress induce the change of capillary length? This relationship is
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crucial not only to blood capillary growth but also to the biological growth of all soft
tissues. However, “the mathematical modeling of biological growth is currently in
an adolescent stage” (Garikipati 2009), because many constitutive relations between
stress and mass growth are still unknown. Therefore, it is a big challenge to model this
relationship.

This work is the first attempt to meet this challenge in the case of blood capil-
lary extension/regression. The whole capillary will be modeled as one-dimensional
viscoelastic material with finite deformation, where the tip cell exerts the protrusion
force and the stalk cell exerts the viscoelastic stress. The crucial assumption is that
the change of stalk cell density is interpreted as the growth pressure to solicit the
change of the stress. The friction or adhesion between the ECs and their surroundings
is incorporated.

The first purpose of this work is to derive the viscoelastic model, which will be
presented in Sect. 2. The second purpose is to find conditions of the cell density
function such that the global solution of capillary displacement exists, which will be
elaborated in Sect. 3. This section includes the nonlinear analysis of the existence of
solutions under certain conditions and the linear analysis for slow growth. Because
of the difficulty in finding explicit solutions of the nonlinear model, we will employ
numerical solutions to help understand the theorem and solution blow-ups. The third
purpose is to demonstrate the ability of this model to simulate blood capillary extension
and regression under different various conditions, which will be described in Sect. 4.
Finally, we will conclude in Sect. 5. An appendix will give the details of the numerical
algorithm.

2 One-dimensional viscoelastic model of blood capillary extension
and regression

A blood capillary is an array of ECs tightly connected by cell-to-cell adhesions such
as VE-Cadherins (De Smet et al. 2009). Because single EC exhibits viscoelastic prop-
erties (Bausch et al. 1998; Thoumine and Ott 1997), it is valid to model a capillary
as a viscoelastic material. We assume the capillary is a cylinder of uniform radius
r along the capillary for all time. Indeed, the capillary radius is constantly chang-
ing in the angiogenesis and vessel remodeling processes and it is modulated by
many factors such as blood flow (Pries et al. 1998, 2001) and pericytes (Hamilton
et al. 2010). These factors are neglected in this work for simplicity, but some math-
ematical modeling of the radius change due to blood flow can be found in (Pries
et al. 1998, 2001), McDougall et al. (2006). Our constant-radius assumption can be
justified from the corneal and tumor angiogenesis images (Sholley et al. 1984; Vakoc
et al. 2009) where the radii of most capillaries are very uniform from the root to the
tip and their changes are not significant relative to the total length of the capillaries
in the early stage of angiogenesis. This assumption is further supported by the rat
retinal angiogenesis experiments (Zeng et al. 2007) where most of endothelial cell
divisions (95 %) contribute to the capillary elongation and only very few contribute to
thickening. Therefore, we will only consider the motion and the force balance in the
axial direction. For simplicity, we assume all points in the same cross-section of the
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root tip

Lagrangian domain

Regression

Extension
Euler domain

pittoor

root tip

Fig. 1 Lagrangian and Euler configurations of a blood capillary. The extension or regression is modeled
by the increase or decrease of distance between two material points. s1 = s(x1, t), s2 = s(x2, t)

capillary always possess the same motion and thus the same axial coordinate. We will
model the time evolution of the displacement of all points in the capillary. Therefore,
our model is a temporal-spatial model and the spatial dimension is one.

2.1 Model derivation

We will use two configurations to describe a capillary: the fixed reference configuration
with the Lagrangian coordinate x , referring to a position in the initial state, and the
current configuration with the Euler coordinate s, referring to a current position. The
coordinates x and s are orientated down the capillary centerline and are independent
of the capillary shape. Therefore, the capillary can take any shape in our model. The
capillary shape varies from case to case in biology. For instance, the capillaries are
roughly straight in the corneal angiogenesis in Sholley et al. (1984) but very tortuous
in the tumor angiogenesis in Vakoc et al. (2009). This model will be applied to corneal
angiogenesis in Sect. 4 where the capillaries are assumed to be straight lines. Denote
the relation between s and x at time t as a function s = s(x, t), which is shown for
both extension and regression cases in Fig. 1. Introduce the displacement u(x, t) and
velocity v(x, t) as

u(x, t) = s(x, t)− x, v(x, t) = ∂u(x, t)

∂t
. (1)

Let f̃ (x, t) and f̃ Euler (s, t) be the line density of EC mass in the Lagrangian and
Euler configurations, respectively. Their relation can be derived as follows. Choose an
arbitrary Lagrangian segment [x1, x2], and denote the corresponding Euler segment as
[s1, s2], where si = s(xi , t), i = 1, 2. The mass is independent of the configurations,
so

x2∫

x1

f̃ dx =
s2∫

s1

f̃ Euler ds =
x2∫

x1

f̃ Euler · Jdx (2)

where

J = ∂s

∂x
= 1 + ∂u

∂x
(3)
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is the deformation gradient. Because x1 and x2 are arbitrary, (2) results in

f̃ = f̃ Euler · J. (4)

In this work we will always utilize the Lagrangian density unless explicitly announced.
The motion of capillary extension/regression is very slow compared to interstitial

flow [0.003 µm/s of capillary extension speed (Sholley et al. 1984) vs. 0.1–2 µm/s of
interstitial flow speed (Swartz and Fleury 2007)]. Therefore, we neglect the accelera-
tion and consider the force balance at any location s in the Euler configuration:

2πr β̃v = πr2 ∂σ̃

∂s
(5)

where the left term models the friction on the circular boundary between the capillary
and the surroundings, which is assumed to be proportional to the velocity v, and the
right term models the stress exerted on the cross-section at s. The quantity β̃ is the
friction coefficient, and σ̃ is the capillary stress. Replacing ∂σ̃

∂s by 1
J
∂σ̃
∂x , we obtain

2β̃ J

r
v = ∂σ̃

∂x
. (6)

We assume the stress is related to strain, rate of strain, and the growth pressure by

σ̃ = Ẽ
∂u

∂x
+ μ̃

∂2u

∂x∂t
− p̃ (7)

where the growth pressure is defined by

p̃ = Ẽ

f̃0
( f̃ − f̃0). (8)

The constants Ẽ and μ̃ are respectively the Young’s modulus and viscosity of endothe-
lial cells, and f̃0 is the reference cell density in the normal blood vessel. The first two
terms on the right of (7) comprise the standard linear viscoelastic model, as shown
in Larripa and Mogilner (2006), Gracheva and Othmer (2004), Jackson and Zheng
(2010) for a single EC. The growth pressure p̃ in (8) is proportional to the cell density
change (notice here the cell density is the Lagrangian cell density). If f̃ = f̃0, i.e.,
cells never grow or die, then the pressure is zero and stress is purely the viscoelastic
stress. If u = 0 and f̃ > f̃0, i.e, cells grow in mass or divide, then the stress becomes
negative, representing the expanding force. If u = 0 and f̃ < f̃0, i.e., cells loss in
mass or die, then the stress becomes positive, representing the retracting force.

The coefficient Ẽ
f̃0

in the definition of the pressure is chosen to account for the ideal

stress-free extension case. If initially u = 0 and f̃ = f̃0, then the stress is zero, that is,
cells exert no expanding or retracting force between each other. When the cell density
doubles, i.e., f̃ = 2 f̃0 (representing the doubling of the cell numbers), the stress-free
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steady state of the extension should double the capillary length, that is, u = x , which

gives the coefficient value Ẽ
f̃0

.

The Eqs. (7) and (8) form the most important assumption in this model. For a single
endothelial cell, the approximately linear elasticity and viscosity have been observed in
experiments (Bausch et al. 1998; Fernandez and Ott 2008). Some viscoelastic models
of single endothelial cells have been developed, such as Larripa and Mogilner (2006),
Gracheva and Othmer (2004), Jackson and Zheng (2010). Because the viscoelastic
property is a local behavior which is not limited by the number of cells as long as
these cells are tightly connected as in a blood capillary, it is legitimate to regard a
blood capillary as viscoelastic material.

The form of the stress presented in (7) is similar to the Duhamel-Neumann law
used in the small-strain thermoelasticity (e.g., Fung and Tong 2001), except that the
infinitesimal strain is replaced by the finite strain and the temperature increment is
replaced by the density change in our model. The definition of pressure is the same
as that of Volokh (2006) where the tumor cell density change is used to model the
tumor growth pressure, and similar to those of Mi et al. (2007), Fozard et al. (2010)
for epithelial growth where the difference between the desired cell length and the
reference length as in Mi et al. (2007) or the cell proliferation rate as in Fozard et al.
(2010) is used.

2.2 “Pull” versus “push”: tip cell pulling and stalk cell pushing

It is still unclear what is the driving force of the capillary extension. There are two
competing explanations: “pull” versus “push”. The “pull” hypothesis proposes that
the tip cell pulling is the driving force of capillary extension and the stalk cell mitosis
only occurs passively to maintain the capillary integrity. The “pull” hypothesis was
first proposed by Folkman et al. 1977, was further developed in Sholley et al. (1984),
Gerhardt et al. (2003), Semino et al. (2006), and is widely accepted by now [e.g.,
see reviews (Gerhardt 2008; De Smet et al. 2009)]. In contrast, the “push” hypothesis
assumes that the stalk cell mitosis pushes the capillary to extend. For instance, the
biological discovery in Schmidt et al. (2007) lead the authors to conclude that “stalk
cell proliferation may directly contribute to the forward movement of a sprout if they
are lined up in a linear fashion, because the addition of a new cell will push its neighbor
forward”.

Our mathematical model includes ingredients from both hypotheses. First, we
assume the tip cell exerts the pulling force on the capillary. Denote the initial length
of the capillary as L , then the Lagrangian coordinate x ∈ [0, L], where x = 0 denotes
the capillary root, and x = L represents the rear of the tip cell, where the pulling force
exerts. Assume the pulling force g̃(t) is balance by the capillary stress due to slow
motion, i.e.,

σ̃ (L , t) = g̃(t), t ≥ 0. (9)

The “pull” hypothesis implies the stalk cell proliferation would be stimulated when
there are potential intercellular gaps developing in the capillary. This indicates the
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stalk cell density may be a function of the strain, but this relation is still elusive and
its mathematical models are unexplored.

Second, according to the “push” hypothesis, it is not impractical to assume the stalk
cell density as a general function which does not depend on strain or stress. Despite
strain, the EC proliferation depends on many variables such as growth factors, cell
maturity level, pericytes, oxygen, etc. (Carmeliet and Jain 2011). Some examples
of this function can be found in Levine et al. (2001), Levine and Nilsen-Hamilton
(2006), Plank et al. (2004), Jackson and Zheng (2010). However, using a specific form
of this function accompanied by a group of partial differential equations of many new
variables will make the whole problem too complicated. Moreover, assuming a general
density function covers all the strain (or stress)-independent proliferation/death cases.
Indeed, this model can be directly linked to any existing cell proliferation models
through the function f . Therefore, we assume the stalk cell density is of the general
form f̃ (x, t), x ∈ [0, L], t ≥ 0, a given non-negative smooth function. One purpose
of this work to find the types of functions such that the model has global solutions.

It is worthwhile to point out that the EC proliferation occurs everywhere in a stalk.
In the rat corneal angiogenesis (Sholley et al. 1984), the cell divisions within 0.5 mm
of the tip are about 60 % of all cell divisions in a capillary of length 2 mm. This
is the source of the idea that localizes the proliferation only behind the tip in many
mathematical models such as Anderson and Chaplain (1998), Levine et al. (2001).
However, the cell proliferation does occur everywhere in a stalk in the experiments of
Sholley et al. (1984). This is further confirmed in the retinal angiogenesis (Gerhardt et
al. 2003) where the proliferation is observed in the whole stalk except on the tip cell.

2.3 Model summary, non-dimensionalization, and parameters

For simplicity, we assume the capillary root is fixed in space, i.e.,

u(0, t) = 0, t ≥ 0. (10)

Assume there is no displacement at the beginning, so the initial condition is

u(x, 0) = 0, x ∈ [0, L]. (11)

Our model can be summarized as, for x ∈ [0, L], t ≥ 0,

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2β̃
r (1 + ∂u

∂x )
∂u
∂t = ∂σ̃

∂x ,

σ̃ = Ẽ ∂u
∂x + μ̃ ∂2u

∂x∂t − Ẽ ( f̃ − f̃0)

f̃0
,

u(0, t) = 0, σ̃ (L , t) = g̃(t),
u(x, 0) = 0.

(12)

Choose the initial capillary length L as the characteristic length, which is 100 µm
based on the experiments in Sholley et al. (1984). Because angiogenesis typically
runs a couple of days from the initiation to the penetration of tumor/tissue, we choose
T = 1 day as the characteristic time scale. Let x = Lx ′, u = Lu′, t = T t ′, and insert
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AB O

Fig. 2 Illustration of non-biological, negative deformation in one-dimensional space: cell A passes through
cell O to get to position B. This can be achieved by u = −2x

these relations to the above system, where we then delete the primes for simplicity.
Therefore we obtain, for x ∈ [0, 1], t ≥ 0,

⎧⎪⎪⎨
⎪⎪⎩

β(1 + ∂u
∂x )

∂u
∂t = ∂σ

∂x ,

σ = ∂u
∂x + μ ∂2u

∂x∂t − ( f − 1),
u(0, t) = 0, σ (1, t) = g(t),
u(x, 0) = 0,

(13)

where the dimensionless functions are σ = σ̃

Ẽ
, f = f̃

f̃0
, and g = g̃

Ẽ
, and the dimen-

sionless parameters are β = 2L2β̃

r ẼT
and μ = μ̃

ẼT
.

The Young’s modulus Ẽ for endothelial cells is between 1.5 ∼ 5.6 × 103 pN
μm2

according to Costa et al. (2006). The viscosity is μ̃ = 104 pN ·s
μm2 (Thoumine and Ott

1997) [comparing with 10−3 pN ·s
μm2 of water, 3 × 104 pN ·s

μm2 of tar, and 2.30 × 108 pN ·s
μm2

of pitch, all at 20 ◦C (CRC 1992–1993)]. The estimate of β̃ is highly dependent on the
cell-environment contacts. For example, in the case of bovine aortic endothelial cells
(BAECs) spreading on polyacrylamide gels, the friction is deduced to be β̃ = 103 pN ·s

μm3

(Larripa and Mogilner 2006). However, ECs experience much stronger friction or
resistance in the in vivo condition, because ECs are in association with surrounding
cells such as pericytes. Therefore, we choose a large range for the friction: 2.5×103 ∼
6.5 × 106 pN ·s

μm3 . The radius r of blood vessel capillary is about 10 µm. The protrusion

force g̃ is about 104 pN
μm2 as measured in Prass et al. (2006). With these values, the non-

dimensionalized parameters become μ = 10−4, β ∈ [0.01, 100], and g ∈ [1.7, 6.7].
The effect of viscosity can be clearly seen from a simple linear problem. Assume the

displacement u(x, t) is a periodic function in the free space with period 2π , satisfying
u(0, t) = u(2π, t) = 0, and βut = uxx +μutxx . Express u(x, t) in the Fourier series∑∞

k=1 ûk(t) sin(kx) and insert to this equation, then we obtain (β+μk2)ûk,t = −k2ûk

for each mode number k ≥ 1. The time scale for each mode to reach the steady state
is β/k2 + μ. Therefore, the time scale for the whole system is β + μ. Because the
viscosity μ is far less than the friction β as shown above, the viscosity would have
negligible effects compared with the friction on the capillary extension/regression.

3 Inviscid problem

In this section, we focus on the inviscid case and analyze solution properties. Above
all, note that a negative deformation gradient (1+ ∂u

∂x ) in one-dimensional space is not
biological: it means one cell simply passes through another cell (see Fig. 2).
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Therefore, we only seek biological solutions in the following sense.

Definition 1 Biological solution. We say u is a biological solution, if (1 + ux ) ≥ 0
for all x ∈ [0, L] and t ≥ 0.

If the friction is a constant or a time-dependent function, that is, β = β(t), then we
can remove β by a change of variable on time: dt = β(t)dt̂ . Thus β(t) ∂u

∂t becomes ∂u
∂ t̂

,
and then we remove the hat for simplicity. Therefore, the problem we will consider in
this section is simplified as

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
1 + ∂u

∂x

)
∂u

∂t
= ∂

∂x

(
∂u

∂x
− ( f (x, t)− 1)

)
,

u(0, t) = 0,
∂u

∂x
(1, t) = f (1, t)+ g(t)− 1,

u(x, 0) = 0.

(14)

Remark 1 If (1 + ux ) happens to be negative, then the first equation of (14) would
behave like a backward heat equation, which is notorious for the ill-posedness of the
problem.

Remark 2 We will see that the endothelial cell density f (x, t) is dominant in the
existence of biological solutions. Because its format and role are similar to pressure
in the stress tensor of fluid mechanics, we will also call it growth pressure or simply
pressure

3.1 Nonlinear analysis

Before solving the problem, we investigate the compatibility conditions of the initial
and boundary conditions. It follows from the initial condition in (14) that uxx = 0
at (x, t) = (0, 0). On the other hand, the boundary condition at x = 0 in (14) yields
that ut (0, 0) = 0. Using the differential equation in (14), we see that f must satisfy
fx (0, 0) = 0. Furthermore, from the initial condition we see that ux (1, 0) = 0.
Combining it with the boundary condition ux (1, 0) = f (1, 0)+ g(0)− 1, we achieve
f (1, 0)+ g(0) = 1.

Theorem 1 Suppose f ∈ C2, g ∈ C1, fx (0, 0) = 0, f (1, 0)+g(0) = 1, f ≥ 0, g ≥
0, and

inf
t≥0
( f (1, t)+ g(t)) > 0. (15)

(a) Suppose fx (0, t) = 0 and fxx ≤ 0, then there exists a global biological solution
for the problem (14).

(b) If, in addition to (a), f (x, t) = f (x) and g(t) = ḡ (nonnegative constant) when
t ≥ T0 for some T0 > 0, then

|u(x, t)−
x∫

0

( f (s)− 1)ds − ḡx | ≤ Ce−αt (16)

for some positive constants C and α.
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(c) Suppose f (x, t) = f (x), then there exists a global biological solution for (14)
provided that

max
x∈[0,1] f (x)− min

x∈[0,1] f (x) < 1. (17)

If, in addition, g(t) = ḡ(constant), then the solution of the problem (14) also
satisfies (16).

Remark 3 In part (a) of the Theorem 1, the assumptions fx (0) = 0 and fxx ≤ 0
indicate that f is a decreasing function of x . One such an example occurs when the
endothelial cells are dying from the tip, so the capillary regresses (see the example
in Sect. 4.3). In part (c), the assumptions that f is steady in time and its variation is
less than unity imply the cell density along the capillary is fixed in time and is quite
uniform in space. The protrusion force g(t) depends on the gradient of chemotactic
signals the cell detects. Therefore it is expected to be approximately a constant if the
chemotactic gradient does not change much in space.

Remark 4 All the conclusions are also true when the friction β is a time-dependent
function, i.e, β = β(t), which can be verified by using the change of variable on time
mentioned above Eq. (14).

Proof Set F(x, t) = f (x, t)− 1.
(Part a). Set

ω(x, t) = x + u(x, t).

It follows from (14) that ω satisfies the equation

ωxωt = ωxx − Fx (x, t)

and

ω(0, t) = 0,
∂ω

∂x
(1, t) = f (1, t)+ g(t),

ω(x, 0) = x .

Therefore,

ωt = ωxx

ωx
− Fx (x, t)

ωx
.

Because Fx (0, t) = 0 and ω(0, t) = 0, we have ωxx (0, t) = 0 from the relation
ωxx = ωxωt + Fx (x, t). If we extend the functions as follows

ω̃ =
{
ω(x, t), if 0 ≤ x ≤ 1,

− ω(−x, t), if − 1 ≤ x ≤ 0,
F̃(x, t) =

{
F(x, t), if 0 ≤ x ≤ 1,

F(−x, t), if − 1 ≤ x ≤ 0,
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then ω̃ ∈ C2([−1, 1]) and satisfies

ω̃t = ω̃xx

ω̃x
− F̃x (x, t)

ω̃x
. (18)

Differentiating Eq. (18) with respect to x , one has

(ω̃x )t = (ω̃x )xx

ω̃x
− (ω̃xx )

2

(ω̃x )2
− F̃xx (x, t)

ω̃x
+ F̃x (x, t)ω̃xx

(ω̃x )2
.

Let ϕ(t, x) = ω̃x . Then ϕ satisfies

ϕt = ϕxx

ϕ
− ϕ2

x

ϕ2 + F̃xϕx

ϕ2 − F̃xx

ϕ
. (19)

If, in addition, Fxx ≤ 0, then

ϕt ≥ ϕxx

ϕ
− (ϕx − F̃x )

ϕ2 ϕx .

By the maximum principle, Lemma 2.3 in (Lieberman 1996), one has

min
∂ ′	T

ϕ ≤ ϕ, for (t, x) ∈ 	T , (20)

where 	T = [−1, 1] × [0, T ] and ∂ ′	T = ∂	T \{(x, T )| − 1 < x < 1}. Note that f
and g satisfy (15), we have

ϕ = ω̃x = 1 + ux = 1 + F + g = f + g ≥ ε1, at x = 1,

for some ε1 > 0. The oddness of the function ω̃ yields

ϕ(−1, t) = ϕ(1, t).

Therefore, the estimate (20) is equivalent to

ϕ ≥ min{1,min
t≥0

{ f (1, t)+ g(t)}} ≥ min{1, ε1} = ε2 > 0. (21)

Define W = ϕ2/2 and

h(t) = max{ max
x∈[0,1] Fxx (x, t), 0} and V (t) = sup

∂ ′	T

ϕ2

2
+

t∫

0

h(s)ds. (22)
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By straightforward computation, the Eq. (19) can be rewritten as

Wt =
√

2

2
(W −1/2Wx )x − (ϕx − F̃x )

1

2W
Wx − F̃xx . (23)

It follows from (22) and (23) that

⎧⎨
⎩
(W − V )t ≤

√
2

2
(W −1/2(W − V )x )x − (ϕx − F̃x )

1

2W
(W − V )x , in 	,

W − V ≤ 0 on ∂ ′	,

where we used Vx = 0. By the maximum principle again, we have

sup
	T

ϕ = sup
	T

√
2W ≤ √

2V (T ). (24)

Provided ϕ is positive and bounded, the Eq. (14) is uniformly parabolic. Therefore, the
global existence of the problem (14) is a consequence of Theorem 12.14 in (Lieberman
1996).

(Part b). Set � = ϕ − F̃ − ḡ. If f (x, t) = f (x) and g(x) = ḡ for t ≥ T0 , then
Eq. (19) becomes

�t =
(
�x

ϕ

)
x

(25)

for t ≥ T0. Note that �(−1, t) = �(1, t) = 0, multiplying both sides of (25) with �
and integrating by parts, one has

∂t

1∫

−1

|�|2(x, t)dx + 2

1∫

−1

|�x |2
ϕ

(x, t)dx = 0. (26)

By the maximum principle, for t ≥ T0, the solution � of Eq. (25) admits the
following estimate

� ≤ max{ sup
−1≤x≤1

�(x, T0), 0}.

This implies

sup
−1≤x≤1,

t≥T0

ϕ ≤ sup
−1≤x≤1

(F̃ + ḡ)+ max{ sup
−1≤x≤1

�(x, T0), 0}.

Combining with (24) gives

sup
−1≤x≤1,

t≥T0

ϕ ≤ 1

2α1
(27)
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for some constant α1 > 0. Thus, taking (21) and (27) into account, it follows from
(26) that we have

∂t

1∫

−1

|�|2(x, t)dx + α1

1∫

−1

|�x |2(x, t)dx ≤ 0.

Using the Poincaré inequality gives

∂t

1∫

−1

|�|2(x, t)dx + 2α

1∫

−1

|�|2(x, t)dx ≤ 0

for some α > 0. This implies

1∫

−1

|�(x, t)|2dx ≤ Ce−2αt . (28)

Furthermore, the Nash–Moser iteration [Theorems 6.17 and 6.30 in (Lieberman 1996)]
shows that that there exist t0 and C (independent of t) such that

sup
−1≤x≤1

|�(x, t)| ≤ C

⎛
⎝

t+t0∫

t−t0

1∫

−1

|�(x, τ )|2dxdτ

⎞
⎠

1/2

.

Using estimate (28) yields that

sup
−1≤x≤1

|�(x, t)| ≤ Ce−αt .

This finishes the proof for part (b).
(Part c). Let us start with the Eq. (19). If F(x, t) = f (x) and setting

ψ(x, t) = ϕ(x, t)− F̃,

then ψ satisfies the equation

ψt = 1

ϕ
ψxx − ϕx

ϕ2ψx .

By the maximum principle, Lemma 2.3 in (Lieberman 1996), one has

min
∂ ′	

ψ ≤ ψ ≤ max
∂ ′	

ψ
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Thus

min
∂ ′	

ψ + F̃ ≤ ϕ ≤ max
∂ ′	

ψ + F̃ .

Note that at x = 1,

ψ = ϕ − F̃ = 1 + F + g − F = 1 + g,

so

minψ(1, t)+ F̃(1) = 1 + min g(t)+ f (1)− 1 = f (1)+ min g.

When t = 0,

min(ψ + F̃) = min(1 − ( f − 1))+ ( f − 1) = 1 + ( f − max f ).

If (17) holds, then there exists an ε > 0 such that

max f − min f < 1 − ε.

Hence ϕ > ε. Similarly,

max
∂ ′	

ψ + F̃ = max{ f (1)+ max g, 1 + f − min f }.

Hence, we can also show global existence of the problem (14) via Theorem 12.14 in
(Lieberman 1996).

Similar to part (b), we can obtain the asymptotic behaviour of the solution by using
an energy estimate and the Nash–Moser iteration. This finishes the proof for part
(c). 
�

3.2 Linear analysis for slow growth

Theorem 1 does not answer the existence of a biological solution for general growth
cases. In typical blood vessel growth, the density of endothelial cells increases slowly.
To study the slow growth, we employ a linear analysis method.

First, notice that the initial value u ≡ 0 is the steady state solution when f ≡ 1
and g ≡ 0. Assume the cell density f (x, t) changes slowly from 1 to f (x, t) =
1 + εH(x, t), where 0 < ε  1, and H(x, t) is a smooth function. Then the system
(14) becomes a perturbation problem around u ≡ 0 with the parameter ε. Suppose
u(x, t, ε) = εU1(x, t) + ε2U2(x) + · · · . Insert this form into (14) and compare the
coefficients of the ε terms, then we obtain

⎧⎪⎨
⎪⎩

U1,t = U1,xx − Hx ,

U1(0, t) = 0, U1,x (1, t) = H(1, t),

U1(x, 0) = 0.

(29)
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Fig. 3 Blow-up case 1: f = e−20t + (1 − e−20t )(10x2 + 10), β = 1, μ = 0, and g = 0. The value
(1 + ux ) is positive at t = 0.07 (a) but becomes negative in some region at t = 0.0843 (b), after when the
solution blows up

It is well-known that this linear system always has a bounded solution up to time T if
H(x, t) is bounded until time T [e.g., Theorem 5.14 in (Lieberman 1996)].

Therefore, as long as H(x, t) is bounded up to time T , then we can always choose
the parameter ε sufficiently small such that the first order approximation (1 + εU1,x )

is non-negative up to time T . Based on this linear result, we predict that the solution
u(x, t) satisfies (1+ux ) > 0 in suitably long time if the density f changes sufficiently
slow over time.

3.3 Solution blow-ups and the prevention by slow growth

The assumptions on f and g in Theorem 1 are sufficient conditions to guarantee global
existence of solutions, thus it would be interesting to examine the solutions when these
assumptions are violated. In this subsection, we always use g = 0.

In the first example, f = e−20t + (1 − e−20t )(10x2 + 10) violates the condition
fxx (x, t) ≤ 0 in Theorem 1(a), and its numerical solution shows negative (1 + ux )

around x = 0 at t = 0.0843 and blows up later (Fig. 3b). This blow-up is driven by the
large pressure drop from the tip to the root. We call a monotonic pressure drop from
a local maximum to a nearby local minimum a strike, and the direction of the strike
points from the high-value region to the low-value region. In this case, the strike is
towards the root (see f curve in Fig. 3). The Dirichlet boundary condition at the root
fixes the vessel in place so that it has to bear the the strike until collapse. Note another
function f = e−20t + (1 − e−20t )(−10x2 + 11) has the same amplitude as the last
one, but it satisfies the condition fxx (x, t) ≤ 0 in Theorem 1(a) and thus the global
biological solution exists. The difference lies in the direction of the strike for f with
(−10x2 + 11): it is from the root to the tip, and the free-to-move boundary condition
at the tip releases the strike.

In the second blow-up example, we choose the function f = 2 cos(11πx) + 3 ,
which violates the condition max

x∈[0,1] f (x)− min
x∈[0,1] f (x) < 1 in Theorem 1(c), and the
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Fig. 4 Blow-up case 2: f = 2 cos(11πx) + 3, β = 1, μ = 0, g = 0. The value (1 + ux ) is positive at
t = 0.0004 (a) but becomes negative in some regions at t = 0.00083 (b), after when the solution blows up

numerical solutions are illustrated in Fig. 4, which shows that (1 + ux ) is negative
at several points at t = 0.00083, where the solution blows up later. Because these
blow-up points are between high pressures on both sides, it is the pressure strike from
two sides that crushes these points.

The common feature of these two blow-ups is that the pressure changes from f = 1
very quickly to another one. Note that f (x, t) = 1 is special because the initial value
u = 0 is the corresponding steady state solution. Thus, changing f away from 1 is
equivalent to disturbing the initial steady state. In the blow-up cases, f = e−20t +(1−
e−20t )(10x2 + 10) has a large time derivative at t = 0 which means a sharp change
from 1, and f = 2 cos(11πx)+ 3 is suddenly applied on the system at t = 0 without
any transition from 1. However, according to the linear analysis, we expect that the slow
transition should avoid blow-ups. To test this hypothesis, we modify the pressure terms
to be e−0.02t + (1−e−0.02t )(10x2 +10) and e−0.02t + (1−e−0.02t )(2 cos(11πx)+3),
respectively, which transition significantly slowly from 1. It turns out the modified
systems have global solutions converging to 10

3 x3 + 9x and 2
11π sin(11πx) + 2x ,

respectively, as shown in Fig. 5.
In summary, the blow-up may happen in this system when (1) there is a large

pressure strike towards the root or large pressure strikes towards an interior point
from its two sides, and simultaneously (2) the pressure strike develops rapidly from
1. However, if the large pressure strikes are accumulated slowly in time, then the
system can have global biological solutions. Therefore, we hypothesize that the global
biological solution exists as long as the pressure function f (x, t) has sufficiently small
time derivatives.

4 Numerical simulations of blood capillary extension/regression

In this section, we apply the full viscoelastic model (13) to simulate angiogenesis under
three real biological conditions: capillary extension without proliferation, extension
with proliferation, and capillary regression.
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Fig. 5 Prevention of blow-up by slow growth. Solution curve (thin solid), (1 + ux ) curve (dashed), and
steady state solution usteady (thick solid) for e−0.02t + (1 − e−0.02t )(10x2 + 10) (a) and e−0.02t + (1 −
e−0.02t )(2 cos(11πx)+ 3) (b) at t = 30, 60, . . . , 300, lower to upper

4.1 Capillary extension without proliferation, but with variable friction

In the experiments of Sholley et al. (1984), the endothelial cells are given X-ray
irradiation. With enough doses of irradiation, DNA synthesis are stalled and cells
lose the ability to proliferate. This means the cell density will remain constant at the
initial density. Therefore, the cell density is always equal to the reference density,
that is, f (x, t) = 1 for all the points and for all time. The viscosity and protrusion
force are chosen as μ = 10−4 and g = 4.7, both within the biological parame-
ter range as discussed in Sect. 2.3. However, the friction β should be a variable in
time. In stable and quiescent capillaries, ECs are tightly connected with pericytes
where the tightness is maintained by Angiopoietin-1. Stimulated by VEGF, sprouting
ECs release Angiopoietin-2, which antagonizes Angiopoietin-1 and results in pericyte
detachment [c.f. (Carmeliet and Jain 2011)]. Therefore, the friction between EC and
ECM decreases over time in the early stage of angiogenesis. The detailed modeling
of the friction requires a careful study of interactions of ECs, pericytes, VEGF and
angiopoietins. However, to focus on the relationship between cell proliferation and
stress response in the capillary, we keep other mechanisms as simply as possible,
including the friction. In this work, we assume the friction is

β(t) = 0.01 + 100e−1.6t , (30)

whose graph is plotted in Fig. 6a.
The numerical solutions are shown in Fig. 6b. At time t = 1, only the points

near the tip have observable motion because initially the friction is large and only the
cells near the tip exhibit remarkable displacement. Up to t = 3, all points migrate
toward the tip direction. The displacement of the tip is 3.9 at t = 4 and 4.7 at t = 7.
These correspond to the whole capillary length 490 µm at Day 4 and 570 µm at Day
7 after the initiation of angiogenesis, reproducing the rat corneal experimental results
observed in Sholley et al. (1984). In this simulation, the solutions at Day 5, 6, and 7
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Fig. 6 Extension of capillary without proliferation, f (x, t) = 1. a Friction as a function of time, β =
0.01 + 100e−1.6t . Y-axis is in log scale. b Displacement curves at time t = 1, 2, . . . , 7 (lower to upper).
The curves of t = 5, 6, 7 almost coincide. Other parameters: g = 4.7, μ = 10−4

almost coincide, indicating a steady state solution has been reached at Day 7. This is
consistent with Theorem 1(c) and Remark 4 because the function f is a constant.

Although there is no cell proliferation, the protrusion force of the tip is sufficient
to produce capillary extension. The ultimate displacement is limited by the elasticity
and is given by the steady state solution us = g/E . For the above example, this
value is 4.7, which has been achieved by the numerical simulation. However, the
lack of proliferation does affect the capillary extension: the capillary only reaches
570 µm, but the distance from the root to the chemotactic source is about 2 mm
in the experiments of Sholley et al. (1984). The limited capillary extension without
proliferation is an important phenomenon of biological growth, but it is very hard
to capture using reaction-convection-diffusion models. For example, many reaction-
convection-diffusion models (e.g. Anderson and Chaplain 1998) only track the motion
of the tip cell, which is modeled as migrating towards the chemotactic source without
any restriction from stalk cells. Thus, they falsely predicted the capillary reaches
the chemotactic source even when there is no cell proliferation, as in Anderson and
Chaplain (1998).

4.2 Capillary extension with proliferation and variable friction

When compared with the last example it may be noted that the only change is in the
cell density to f = 2t + 1. The biological meaning of this function is that the cells
uniformly proliferate in the whole capillary: each cell generates two more cells per
day. This is a slow proliferation rate which will induce very slow extension speed
relative to the interstitial flow. In this case, the linear analysis predicts the existence
of the biologically meaningful solution, which is verified by the numerical results as
shown in Fig. 7. The value of u of the capillary tip is equal to 0.53 at t = 1, 8.64
at t = 4, and 18.5 at t = 7. These represents the capillary reaches 63 µm at Day
1, 964 µm at Day 4, and 1,950 µm at Day 7. These results reproduce the data in the
experiments of Sholley et al. (1984) and at Day 7 the capillary has already reached
the chemotactic source at x = 1.
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Fig. 7 Capillary extension with
cell density f = 2t + 1. Other
parameters:
β = 0.01 + 100e−1.6t , g = 4.7,
μ = 10−4. Curves from lower to
upper: t = 1, 2, . . . , 7 days
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In this example, both the tip cell protrusion and stalk cell proliferation contribute
to the capillary extension. Comparing with the last example, cell proliferation is more
decisive in supporting the extension of the capillary until it reaches the chemotactic
source. Mathematically, the increase of cell density alters the balance between the
elastic stress and growth pressure. The cells enlarge the displacement to adjust to
the greater pressure, which allows the extension of the capillary. Therefore, the tip
cell migration plays a leading role in capillary extension while stalk cell proliferation
provides necessary material to support the extension.

4.3 Capillary regression

The newly formed blood vessels in pathological corneal angiogenesis can be treated
by the drug Bevacizumab as in Dastjerdi et al. (2009). Bevacizumab is an antibody
that binds VEGF and prevents VEGF binding to ECs. Because ECs require VEGF to
survive, bevacizumab can induce EC apoptosis and the regression of blood vessels.
In Dastjerdi et al. (2009), the efficacy of Bevacizumab varies dramatically among all
treatment cases. We are particularly interested in one special case shown in Figure 3
of (Dastjerdi et al. 2009), where one new blood vessel of length approximately 2 mm
is completely eliminated after 1 week treatment. To simulate this therapy, we reset
the capillary domain as [0, 20] (one unit is 100 µm, see Sect. 2.3). The friction is
set as a constant β = 0.01, representing very weak adhesion between cells and the
surrounding because the cells are dying. It is not clear how the cell density changes in
this case, because only the corneal images at Day 0 and Day 7 are available in the first
week of the therapy. We assume f (x, t) = (1 − t/7) cos(x/20) (see Fig. 8a), i.e., the
cells die faster near the tip than the root. This is reasonable because it is known that the
ECs near the root can be protected from the pericytes in the VEGF therapy (Jo et al.
2006). Because the tip cell is dying, it loses the ability to produce the protrusion force.
Therefore, g = 0. Note this system satisfies Theorem 1(a), therefore a biologically
meaningful solution exists for t ∈ [0, 7]. The numerical results in Fig. 8b show that the
displacement of the capillary tip is −20 at t = 7, which means the capillary shrinks
by 2 mm after 7 days’ regression and the capillary has length zero. This simulation
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Fig. 8 Regression of a capillary of initial length 2 mm. a The cell density function f = (1−t/7) cos(x/20)
at t = 1, . . . , 7 from upper to lower. The curve at t = 7 is zero. b The displacement u curves are at
t = 1, . . . , 7 from upper to lower

captures what has been observed at Day 0 and Day 7 of this therapy case in Figure 3
of (Dastjerdi et al. 2009).

Contrary to the last example in Sect. 4.2, the cell density decreases with respect to
time in capillary regression. In our model, the stress/stain is sustained by the growth
pressure or density. Therefore, the loss of density induces a decrease in the strain result-
ing in a capillary regression. This phenomenon is almost impossible to be modeled by
reaction-convection-diffusion models because they lack the mechanisms to retract the
capillary. For example, in the model of (Anderson and Chaplain 1998) where only the
tip cell is modeled, the migrating speed of the tip cell will be reduced to zero when
the VEGF is removed by therapy, therefore the capillary will stop extending but will
not shrink.

5 Conclusion

In this article, we studied a fundamental problem in angiogenesis: the contribution
of the endothelial cell proliferation or death to the stress response and the capillary
extension or regression. We treat a capillary as a one dimensional viscoelastic material
with a constant radius. Two important assumptions are made according to biological
theories: (1) the tip cell exerts the pulling force which is transduced throughout the
whole capillary, and (2) the growth pressure from stalk cell proliferation or death
actively pushes or retracts the neighbor cells. In our model, the capillary extension is
the coupling of both the “pull” and “push” mechanisms.

We analyzed the existence of global solutions of the nonlinear equations of the
mathematical model. Theorem 1 concludes that the global biological solution exists
if (a) the cell mass density is a decreasing function along the capillary from root to
tip, or (b) the amplitude of the cell density along the capillary is less than one. The
system may break if there are rapidly loaded large pressure strikes towards the root or
an interior point of the capillary. However, if the pressure or the cell density changes
slowly in time, as typically occurs in biological processes, then the global biological
solution may exist.
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The numerical simulations demonstrate this viscoelastic model can describe vari-
ous growth patters, including capillary extension without cell proliferation as observed
in corneal angiogenesis, and blood vessel regression as occurred in anti-angiogenesis
treatment. These two phenomena have never been successfully simulated by reaction-
convection-diffusion models because they are unable to build connections between
change of stalk cell density, mechanical force, and capillary extension or regres-
sion.

This model is unique because it is the first to treat the relationships between
the stress and change of cell density in the axial direction of a developing capil-
lary. This model is also very flexible because it can be easily extended to incorpo-
rate other mechanisms. For instance, we have assumed a general form of the cell
density function f (x, t), which can be directly linked to any existing cell prolifer-
ation models. In particular, this model can be coupled with the proliferation model
in Jackson and Zheng (2010) where the cell proliferation rate depends on pericyte,
VEGF and angiopoietins. The blood flow can be simulated as Poiseuille’s law as in
McDougall et al. (2002). The constant-radius assumption can be directly replaced by
a vessel adaptation mechanism introduced in Pries et al. (1998), Pries et al. (2001)
where the radius change is stimulated by blood flow and metabolites such as oxy-
gen.
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Appendix

A Numerical method

We consider solving a more general nonlinear problem

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

β

(
1 + ∂u

∂x

)
∂u

∂t
= ∂

∂x

(
∂u

∂x
+ μ

∂2u

∂x∂t
− ( f (x, t)− 1)

)
,

u(0, t) = 0,
∂u

∂x
+ μ

∂2u

∂x∂t
− ( f (x, t)− 1) = g(t),

u(x, 0) = 0.

(31)

with a finite element method in the Sobolev space H1(0, 1), that is, the square-
integrable functions up to the first order weak derivative.

Choose a uniform time step �t > 0 and denote the time points when solutions
are sought as tk = k�t, k = 0, 1, . . .. The numerical scheme is to find uk+1(x) ∈
H1(0, 1) with uk+1(0) = 0, such that for any test function φ ∈ H1(0, 1) with
φ(0)= 0,
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1∫

0

β

(
1 + ∂uk

∂x

)
uk+1 − uk

�t
φ = φ(1)g(tk+1)

−
1∫

0

(
∂uk+1

∂x
+ μ

∂

∂x

uk+1 − uk

�t
− ( f k+1 − 1)

)
φx . (32)

The spatial domain [0, 1] is uniformly discretized into n equal-sized sub-intervals with
mesh size h = 1

n , and mesh points are denoted as xi = (i − 1)h, i = 1, . . . , n + 1.
The space H1(0, 1) is approximated by the continuous piecewise linear finite element
space:

Vh(0, 1) = {vh ∈ C0(0, 1) : vh is a linear function on each subinterval [xi , xi+1],
i = 1, . . . , n}.

Numerical tests show this scheme is first order accurate in time (data not shown). A
Matlab version of the code has been provided in the website http://www.cst.cmich.
edu/users/zheng1x/. In all the numerical simulations in this work, we have chosen
n = 200 and �t = 10−4, and each simulation result is almost identical to that with
the more refined choice n = 400 and �t = 5 × 10−5.
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